Let’s Fix
e k : a number field

o F: Y2 = (X —al)(X —ag)(X —CL3) .
an elliptic curve defined over k whose 2-torsion points are all rational.

e B : a finite set of “bad primes” consisting of places dividing 2 or oo and
odd primes dividing (a7 — as)(as — a3)(as — a1) and representatives of ideal

class group.
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The F>-space of 2-coverings of F

m = (my1,ma,m3) € (k/k?)3 satisfying mimoms is square.

For such m, I'(m) is a 2-covering of E given by :

m;Y;? — ijjz = (¢; —¢;)Yy fori,j € {1,2,3}

The correspondence I'(m) — (mq, mo) gives a bijection between the set of

2-coverings of E and (k/k?)?. This map makes the set of 2-coverings a Fa-space.

The set of 2-coverings soluble at each prime outside B corresponds to (0% /0%,

where o3 is the multiplicative group of units outside B.
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e Let’s denote

Xg=05/052 Y, =k Y= @Y,
veEB

VU:YUXYU,VB:YBXYB: @VU
veDB

Ugp is the image of X¢ x Xg in Vg.
o If |B| =n,

X3 is n-dimensional over Fsy.(by unit theorem)
Y3 is 2n-dimensional over Fy since |Y,| = 4//2|,.

The canonical map X — Y3 is injective.(class field theory)
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Define a non-degenerate alternating bilinear form e on Vi given by

ep = Hev where e, (a x b,c X d) = (a,d),(b, ¢)y.
veEB
Up is a maximal isotropic in Vg w.r.t es by
Hilbert product theorem.

T, = the image of O,/02 in V,,.
W, = the image of E(k,) in V,, under the Kummer map
(X,Y)— (X —c1, X — ).
Wg =P W,
veEB
W, is a maximal isotropic in V,,.(Tate)
T, = W, if v is not a place of bad reduction.

['(m) is locally soluble at v iff the corresponding point (mq,ms) is in W,,.
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2-Selmer group of F is
Up (| Wg = left and right kernel of Uz x W3 — 41 by eg

since Ug, Wy are maximal isotropic.

Lemma There exist maximal isotropics K, in V, such that Vg = Us @ K3

where K3 = @ K,.
veB

tg : Vg — Ugp is the projection along K.
This t¢ induces

TR : leg = Wg/(Wg ﬂKg) ~ Ug ﬂ(Wg —|—K3) = Uég.

. h K / / /
e induces a bilinear map e on Wy X Ugy.
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Theorem The bilinear forms on Wy and Ug given by :

/ / / / -1,/ / / / / /
Uy X ug — ep(uy, 75 Uuy) and w) X wy — e (Taw], w))

are symmetric and their kernels are isomorphic to the 2-Selmer group of FE.
Proof Let tgw; = ul. Note that (1 — tg)w; € Kg. Then
1= eg(wy,ws) = egp(tgwy + (1 —tg)wy, taws + (1 — tn)ws))

= eg(tpwi, (1 —ts)ws)es ((1 —tp)wy, tgws) = e(tpwy, ws)es (w1, tpws)
— elﬁ(ullan)elB(uévwl)' L]
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