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1. A recipe for the Jacobian of a genus one curve

1.1. The setting.

• Let k be a field of characteristic 0.
• Let X/k be a smooth geom. irr. proj. curve of genus 1.
• Fix 0 6= ωX ∈ H0(X, ΩX).
• Fix a closed point ∞ of X.
• Let k(∞) be the residue field of ∞.
• Put n := [k(∞) : k].
• Let K/k be the function field of X/k.
• Let K∞ be the ∞-adic completion of K.
• Let O∞ be the valuation subring of K∞.
• Identify k(∞) with a subfield of K∞ via the Teichmüller lifting.
• Fix a uniformizer t ∈ K∞ such that tracek(∞)/k Res∞ t−1ωX = 1.
• Let A be the ring of functions on X regular away from ∞.
• Let k[ε] be a k-algebra generated by a nilpotent element ε.
• Let m be the smallest nonnegative integer such that εm+1 = 0.
• Assume that m ≥ 7.
• We use the abbreviated notation ?[ε] for the functor ?⊗k k[ε].

1.2. Definition of E, ℘, z, g2, g3, and cn. Let E/k be the Jacobian
of X/k. Then E/k is an elliptic curve acting on X/k in such a way as
to make the latter a principal homogeneous space, and in this situation
H0(E, ΩE) and H0(X, ΩX) are canonically isomorphic. Let ωE be the
differential on E corresponding to ωX . Let O be the neutral element
of E and let z be the unique uniformizer at O such that dz = ωE. Let
℘ be the unique function on E regular away from O such that ℘ − 1

z2

vanishes to order 2 at O. There exist unique g2, g3 ∈ k such that
(

d℘

dz

)2

= 4℘3 − g2℘− g3.
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Knowledge of the coefficients g2 and g3 is equivalent to knowledge of
the Jacobian of X. Let

d℘

dz
= − 2

z3
+

g2z

10
+

g3z
3

7
+ · · · = − 2

z3
+ c1z + c3z

3 + c5z
5 + . . .

be the Laurent expansion of d℘
dz

at O in powers of z. Knowledge of the
coefficients c1 and c3 is equivalent to knowledge of the coefficients g2

and g3. The c’s turn out to be just a bit more convenient to work with
than the g’s.

1.3. A Riemann-Roch exercise. Given f ∈ A with Laurent expan-
sion

f =
∑

i

ait
i (ai ∈ k(∞))

at ∞, put

λ(f) :=
1

n
tracek(∞)/k a0

thus defining a k-linear functional

λ : A → k

such that λ(1) = 1. By the Riemann-Roch theorem, the sequence

0 → k ⊂ A
a 7→ a +O∞

→ K∞/O∞
f 7→ tracek(∞)/k Res∞ fω

→ k → 0

is exact. It follows that there exists a unique k-linear isomorphism

φ : K∞/O∞ ∼→A

such that

φ(t−1 +O∞) = 1

and

φ(a +O∞) = a− λ(a)

for all a ∈ A. For each positive integer N let

φN : t−NO∞/O∞ → A

be the restriction of φ to t−NO∞/O∞.
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1.4. The τ-construction. For each positive integer N and

f =
∑

i

ait
i ∈ K∞ (ai ∈ k(∞))

put

truncN f :=
∑

i∈Z∩[−N,0)

ait
i +O∞ ∈ t−NO∞/O∞

thereby defining a k(∞)-linear map

truncN : K∞ → t−NO∞/O∞.

Put

exp(ε/t) :=
∞∑

n=0

(ε/t)n

n!
=

m∑
n=0

(ε/t)n

n!
∈ K∞[ε]×.

For each positive integer N let τN ∈ k[ε] be the determinant over k[ε]
of the composite map

(
t−NO∞
O∞

)
[ε]

φN [ε]
→ A[ε]

a 7→ exp(ε/t)a
→ K∞[ε]

truncN [ε]
→

(
t−NO∞
O∞

)
[ε].

(This map is represented by an Nn by Nn matrix with entries in k[ε].)
For N ≥ m the determinant τN is independent of N . We denote the
common values of the τN for large N by τ . One has

τ = εu

for some u ∈ k[ε]× well defined modulo εm. The third derivative of
log u with respect to ε is well defined modulo εm−3. I am able to show
that

−d3 log u

dε3
≡ c1ε + c3ε

3 + . . . mod εm−3

by applying fermionic Fock space technology. In particular, one can
recover c1 and c3 in this way and hence recover the Jacobian of X. The
upshot is that the τ -construction “is” a computation of the Jacobian
of X. The τ -construction is a standard item in soliton theory; for
background see [Segal-Wilson].

2. Project description

2.1. The challenge. Turn the τ -construction into a practical method
for computing Jacobians of genus one curves. Write some computer
code and try to get a feeling for the complexity of the calculation by
running test cases. For n = 2 you can check your results against
Weil’s calculations [Weil 1954]. For n = 3 and n = 4 you can check
your results against those of McCallum and company; see the AWS
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1999 web site for details and links. See also the 1999 Harvard thesis
of C. O’Neil. Cassells has observed that the Jacobian of the smooth
projective curve

Ax3 + By3 + Cz3 = 0 (ABC 6= 0)

is

ABCx3 + y3 + z3;

you could use this fact as another check of your work. (I thank Barry
Mazur for bringing this last example to my attention.) For general
n it is a wide open problem to design a really efficient method of
computation. It seems likely that symmetric function theory will be
useful; see the first chapter of [Macdonald] for an overview of basic
facts. Since the fermionic Fock space technology is used to prove that
the “τ -recipe” works, perhaps FFS technology will also be useful for
computations; see my (ever-evolving) notes on fermionic Fock space
(currently in a terse state but filled with curious examples) on my web
page www.math.umn.edu/∼gwanders. I did manage in the case n = 2
with the help of MAPLE to recover Weil’s formulas for g2 and g3, but I
set up the computations in a brutally inefficient way and found myself
operating at the edge of combinatorial disaster. Finesse is definitely
called for!

2.2. The mystery. Weil’s computation of g2 and g3 in the case n = 2
was an inspired piece of salvage work: the necessary formulas came
from the theory of invariants of binary biquadratic forms and had been
written down long before Weil was born. Similar salvage work has
been done in the cases n = 3 and n = 4. Can one give a satisfying
explanation for this connection between 19th century invariant theory
and the problem of computing Jacobians of genus one curves? Can
the connection be extended so as to account for all the c’s for any
n? By carefully analyzing the process of computing g2 and g3 via the
calculation of τ you might be preparing yourself to make a discovery
that dispels the mystery. Good luck!

2.3. Sample calculation of τ in the case n = 1. We specialize thus:

• Take k = Q(g2, g3), where g2 and g3 are algebraically independent.
• Take X/k to be the smooth projective plane curve with affine

model y2 = 4x3 − g2x− g3.
• Take ωX = dx/y.
• Take ∞ to be the point at infinity.
• Take t = 1/

√
x.

• Assume that m = 7 and hence ε8 = 0.
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Of course the calculation of τ in this special case does not reveal any-
thing you don’t already know about the Jacobian of X, but it might
give you some ideas for setting up (and checking) τ -calculations in a
way that a standard software package like MAPLE could handle. Any-
way, it turns out that you can obtain τ by multiplying a certain 7
by 14 matrix by a certain 14 by 7 matrix, and then calculating the
determinant of the resulting 7 by 7 matrix. Here’s the first matrix:


1 0 0 0 −g2

8
0 −g3

8
0 − g2

2

128
0 −g2g3

64
0 − g2

3

128
− g3

2

1024
0

0 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 −g2

8
0 −g3

8
0 − g2

2

128
0 −g2g3

64
0

0 0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 −g2

8
0 −g3

8
0 − g2

2

128
0

0 0 0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0 0 0




.

The entries of this matrix are derived in a more or less obvious way
from the Laurent expansion

y = t−3

(
1− g2

8
t4 − g3

8
t6 − g2

2

128
t8 − g2g3

64
t10 +

(
− g2

3

128
− g3

2

1024

)
t12 + . . .

)
.

Here’s the second matrix:


1 0 0 0 0 0 0

ε 1 0 0 0 0 0

1/2 ε2 ε 1 0 0 0 0

1/6 ε3 1/2 ε2 ε 1 0 0 0

1/24 ε4 1/6 ε3 1/2 ε2 ε 1 0 0
1

120
ε5 1/24 ε4 1/6 ε3 1/2 ε2 ε 1 0

1
720

ε6 1
120

ε5 1/24 ε4 1/6 ε3 1/2 ε2 ε 1
1

5040
ε7 1

720
ε6 1

120
ε5 1/24 ε4 1/6 ε3 1/2 ε2 ε

0 1
5040

ε7 1
720

ε6 1
120

ε5 1/24 ε4 1/6 ε3 1/2 ε2

0 0 1
5040

ε7 1
720

ε6 1
120

ε5 1/24 ε4 1/6 ε3

0 0 0 1
5040

ε7 1
720

ε6 1
120

ε5 1/24 ε4

0 0 0 0 1
5040

ε7 1
720

ε6 1
120

ε5

0 0 0 0 0 1
5040

ε7 1
720

ε6

0 0 0 0 0 0 1
5040

ε7
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You get

τ = ε− g2

240
ε5 − g3

840
ε7

after multiplying the preceding matrices and taking the determinant.

3. Other suggested reading

Students need to have a grasp of the basic theory of algebraic func-
tions of one variable up to and including the notion of the adèle ring of
a function field; for this material I suggest the book [Artin]. The pa-
pers [Tate] and [AdCK] are crucially important steps in the evolution
of the notion of fermionic Fock space.
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