
ALGEBRAIC CYCLES

ON ABELIAN VARIETIES

Brief description of my AWS 2024 lectures and projects

Ben Moonen

My lectures will be about Chow groups of abelian varieties. There is a wealth of material here!
In view of the limited available time, I have chosen to focus in my lectures on results that can be
formulated—though not necessarily proven—without using the language of Chow motives. (One of
the projects goes in that direction, though.) Here is a summary of what I have in mind:

Lectures 1 and 2. I will start with a brief reminder about Chow groups and the available structures
on them. If X is an abelian variety over a field k, its Chow group CH(X) is a graded ring in two
different ways: using the intersection product, with grading by codimension of cycles, and via
Pontryagin product, with grading by the dimension of cycles. If Xt is the dual abelian variety and
P is the Poincaré bundle on X × Xt, the class ch(P) ∈ CH(X × Xt)Q is a correspondence that
defines a transformation

F : CH(X)Q → CH(Xt)Q ,

called the Fourier transform. The first main result that I will discuss is that F is an isomorphism
that exchanges (up to signs) the two ring structures.

The Fourier tranform is not compatible with the gradings by dimension or codimension of cycles.
This leads to a second main result. Namely, if for an integer s we define

CHi
(s)(X) =

{
α ∈ CHi(X)Q

∣∣ F (α) ∈ CHg−i+s(Xt)Q
}

then it turns out that (with g = dim(X))

CHi(X)Q =

i⊕
s=i−g

CHi
(s)(X) ,

and CHi
(s)(X) is precisely the subspace of CHi(X)Q of elements α with the property that [n]∗X(α) =

n2i−s · α for all n ∈ Z. This is known as the Beauville decomposition.
As I shall explain, there is a nice and insightful picture of CH(X) that we can draw, in which

the symmetry given by Fourier duality has a prominent role. I hope to be able to state all main
results in the first lecture; in the second lecture I will then focus on the key ideas in the proofs.

Literature: The main results discussed in the first two lectures are due to Mukai [16] (on the level
of the derived category, which we will not discuss) and Beauville [2], [3].
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Lecture 3. In the third lecture I will first explain that there is yet more structure on CH(X)Q.
Namely, the Lie algebra sl2,Q acts on CH(X)Q, and this gives rise to a decomposition of CH(X)Q
as a direct sum of finite dimensional sl2,Q-representations. After this, we shall take a closer look at
0-cycles, which form a sub-ring CH0(X) ⊂ CH(X) with respect to the Pontryagin product (denoted
by ⋆). The ⋆-powers of the ideal I = Ker

(
deg : CH0(X) → Z

)
give us a filtration of CH0(X). We

shall discuss a result of Rŏıtman that, over an algebraically closed base field, I⋆r is a Q-vector space
for all r ≥ 2. Further, we shall discuss that the Beauville decomposition gives a natural splitting of
this filtration. An immediate consequence of this is that I⋆(g+1) = 0.

Literature: The sl2-action on CH(X)Q can in fact be “integrated” to an action of the algebraic
group SL2. The idea that such an action exists has its roots in the work of Mukai. The fact
that we have a Lie algebra action (even on the level of Chow motives) was proven by Künnemann
in [13], though he does not present the result as a Lie algebra action. The SL2-action was studied
in Polishchuk’s PhD thesis [21]. A very nice exposition is given in [4]. What we shall discuss about
0-cycles on abelian varieties can be found in [2], [3] and [6].

Lecture 4. In the last lecture, I will discuss some results that give an indication of the “size” of
Chow groups. Firstly, over a field k ⊆ Fp we have that CH(X)Q = ⊕i CH

i
(0)(X), and conjecturally

the ℓ-adic cycle class maps clℓ : CH
i
(0)(X) ⊗ Qℓ → H2i

(
Xk̄,Qℓ(i)

)
(for ℓ ̸= p) are injective; in this

case we conclude that the Chow groups are actually rather small, and for 0-cycles it follows that
I⋆2 = 0. By contrast, if the base field is algebraically closed and uncountable, the Chow groups are
very big, in a sense that we will make precise. For 0-cycles, the bound I⋆(g+1) = 0 is sharp, and
by using the sl2,Q-action on CH(X)Q we shall be able to draw conclusions about other Beauville
summands CHi

(s)(X) as well. If time permits, I will at the end briefly discuss some important
conjectures about the existence of a natural filtration on Chow groups and how, in the case of
abelian varieties, this relates to the Beauville decomposition.

Literature: The results about the case where k ⊆ Fp can be found in [13], Section 7, which uses ideas
from [22]. The idea that, in general, Chow groups are very big, is a deep insight of Mumford [17].
To read about this, I recommend [23], Chapter 10.

Reading material. Detailed lecture notes will be made available. For students who already want
to read more about these topics, Beauville’s papers [2], [3] as well as Bloch’s paper [6] are a very
good starting point. As Chow groups (algebraic cycles modulo rational equivalence) play a key role
in my lectures, it is helpful if students have already seen those prior to the AWS. Fulton’s book [10]
is the canonical reference for intersection theory, but most of this book goes far beyond what we
shall need, so I recommend to use this only as a reference work. In fact, it should suffice if you have
read Appendix A from Hartshorne’s book [12]. Another very good starting point is [23], Chapter 9.
If you are interested in motivic aspects, I can recommend for a general introduction the book by
Murre, Nagel and Peters [18] or (more panoramic) the book by André [1]. To see the motivic theory
in action, in the setting of my lectures, I recommend to look at the important paper [7] by Deninger
and Murre.

There are two projects that I should like to propose.

Project 1: Integral aspects of Fourier duality. The main drawback of the usual Fourier
transform is that it requires Q-coefficients, so that we lose all information about torsion classes. In
this project we want to study if we can construct an integral version of Fourier duality, or at least a
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version that works with Z
[
1
n

]
-coefficients, for a suitable number n. Part of the project is to explore

what exactly we would mean by a Fourier duality with (almost) integral coefficients.
An integral version of Fourier duality “up to a factor N ” is given in [2], Proposition 3′, but this

result is not effective and does not give a concrete value for N that works. We can try to make
this effective by combining the argument of Beauville with the integral version of Grothendieck–
Riemann–Roch proven by Pappas in [20]. (The result of Pappas works over fields of characteristic 0,
though what we need is also valid in characteristic p.)

A different approach to integral aspects of Fourier duality is given in [15]. This has recently
found a nice application in [5].

A second part of this project is to explore integral versions of the Beauville decomposition. The
leading question is whether we can find (given some abelian variety X) some “small” subring Λ ⊂ Q
such that we already have a Beauville decomposition of CH(X)⊗Λ. In the presence of torsion, the
conditions stated in [3], Proposition 1 are no longer all equivalent; but if we have a Fourier duality
with coefficients in the ring Λ, we could still use it to obtain a Beauville decomposition.

Project 2: A refined Beauville decomposition for non-simple abelian varieties. Suppose
we have an abelian variety X which decomposes as a product of smaller abelian varieties, say
X = X1 × · · · × Xt. For n = (n1, . . . , nt) ∈ Zt we have the endomorphism [n]X of X given by
(x1, . . . , xt) 7→ (n1x1, . . . , ntxt). The usual multiplication-by-n maps are the special case where
n1 = · · · = nt = n. The goal of this project is to investigate if we can find a decomposition of
CH(X) into simultaneous “eigenspaces” for all operators [n]∗X .

This project is an ideal opportunity to learn something about Chow motives. It turns out that
the problem can be studied in a clean way using only some basic principles of the theory of motives,
and the book-keeping that is involved becomes much more transparent.

We can vary on this theme. A nice case to study is when X is a supersingular abelian variety, say
over an algebraically closed field k of characteristic p. Fakhruddin [9] has shown that the Beauville
decomposition is in this case essentially trivial: only the summands CHi

(s)(X) with s ∈ {0, 1} may
be nonzero. This uses the important geometric fact, due to Oort [19], that in this case X is isogenous
to Eg for a supersingular elliptic curve E. Hence X has a very large endomorphism algebra, namely
End0(X) ∼= Mg(D), where D is a quaternion algebra over Q. The group of units of this algebra acts
on CH(X) and on the Chow motive of X, and one can try to relate the arguments of Fakhruddin
to this action, using the results of [14].
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