PROBLEM SESSION ON HEIGHTS

TA: JUANITA DUQUE-ROSERO

ABOUT THIS PROBLEM SET

The goal of these problems is to familiarize you with the concepts around Diophantine heights.
We will study heights in projective space and elliptic curves. In each section, you will find a variety
of problems; some of them get you to work with basic concepts with and some are meant to chal-
lenge you. The most advanced problems are marked with the symbol k. Please note that the list of
problems is long, so I do not expect you to solve every single question during the AWS. Please be
kind to yourself and take things at your own pace!

Most of these questions appeared in the problem sets for the Preliminary Arizona Winter School
(PAWS) on Diophantine heights. The problems accompanied Padmavathi Srinivasan’s lectures.
You can find videos and notes from those lectures at the PAWS website. The problems for PAWS
were compiled by Niven Achenjang, Juanita Duque-Rosero, Carlos Rivera, Padmavathi Srinivasan,
and Marley Young.

1. PRELIMINARIES: PROJECTIVE SPACE, MORPHISMS, AND RATIONAL MAPS

We make basic definitions in algebraic geometry related to projective varieties. If you are inter-
ested, a good place to learn more about these concepts is [5, Chapter 2].

Definition 1.1. The projective N-space over a field K, denoted by PV or PV (K), is the set of
all (N + 1)-tuples
(Xps -+ > Xy) € KN\ {(0,0,...,0)}
modulo the equivalence relation
(X -+ s X)) ~ (Vg -5 VN)
if there exists a A € K \ {0} such that x; = Ay, for all i. An equivalence class
{(Axg, ..., Axy) : A€ K\ {0}}
is denoted by [x,, ..., xy], and the x; are called homogeneous coordinates for the corresponding
point in PV,

Question 1. Let’s explore P'(R). This is a space obtained from taking equivalence classes of
elements in R?. Pick some points in R? and draw all other elements that are equivalent to them.
How does each equivalent class look like geometrically? Can you make sense of the “shape” of
P'(R)?

Question 2. Show that for any [x,, ..., xy] € PV (Q) we can choose homogeneous coordinates so
x; € Z for all i and ged(x,, ..., xy) = 1.

Definition 1.2. A polynomial f € K[X,, ..., X y]is homogeneous of degree d if
f(AXq ..., AX ) = A f(X,, ..., Xy) forall 1 € K.
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Question 3. Prove that a polynomial is homogeneous of degree d if and only if each of its mono-
mials has degree d.

Definition 1.3. A rational map of degree d between projective spaces is a map

¢p: PN - pM
P = [fo(P), ..., [y (P)],
where f, ..., fiy € K[X,, ..., Xy] are homogeneous polynomials of degree d with no common

factors. The rational map ¢ is defined at P if at least one of the values f,(P), ..., f,,(P)1is non-zero.
The rational map ¢ is called a morphism if it is defined at every point of PV (K). If the polynomials
fo» ---» f have coefficients in a subfield L of K, we say that ¢ is defined over L.

Definition 1.4. Let f € Q[X,, ..., X 5] be a homogeneous polynomial. Then, we can define the
projective subvariety

V(F) :={PeP" : f(P)=0)
cut out by F (see Question 3). We sometimes write C : F = G as shorthand to denote C =
V(F-G),eg E :Y>Z =X?>-432Z>wouldmean E :=V(Y?>Z — (X? +4322Z%)).

Question 4. Let (T, T, ..., T,) be ahomogeneous polynomial. Given a point P = [x,, ..., x,] €
P"(Q), note that the expression f(P) = f (xgs ---»x,) 1s not well-defined; that is, its value can
depend on a choice of representative for P. Despite this, show that the if f(x,...,x,) = 0, then
f (g, ..., ¥y,) = 0 for any other choice of y,, ..., y, € Q so that P = [¥gs ---»¥,]. Because of this,
our notation

V() ={PeP": f(P)=0} CP"

from Definition 1 is justified.
Earlier, we defined rational maps and morphisms between projective spaces. One can similarly

define rational maps and morphisms between projective varieties. The general definition is a bit
involved, but for the purposes of this problem set, examples of the following form suffice.

Definition 1.5. Let f (X, ..., Xy),8(X,, ..., X)) be homogeneous polynomials cutting out pro-
jective subvarieties X = V(f) C PY and Y = V(g) C PM. Let ¢y, ..., ¢, € Q[T,, ..., Ty] be
homogeneous polynomials all of the same degree d, so they define a rational map

¢ = (g, ..., Py : PN > PM,

If ¢(P) € Y(Q) for all P € X(Q) at which ¢ is defined, then the restriction ¢|, : X --> Y gives
an example of a rational function from X to Y. This ¢ will be a morphism from X to Y if ¢(P)
is defined for all P € X(Q) (even if ¢(P) is not defined for all P € PN(Q)). If there exists a
morphism y : Y — X so that ¢goy = id, and yo¢ = id,, then we say that ¢ (and so also y) is
an isomorphism.

In general, one can define rational functions X --» Y which do not necessarily extend to rational
functions PV --> PM, but we will not see those in this problem set.

Question 5. Show that the rational map ¢ : P> — P? given b
p g y
XY, Z]) = [X> =Y, XY - Z2,Y* - Z7]

is not a morphism.



Question 6. Show that the set
{(a,b,c) € Z° | ged(a,b,c)=1,a"+b" =c*, andc # 0}
of primitive Pythagorean triples is in bijection with the set
P .= {(u,u)G‘l:D2 Cur 0t = 1}
of rational points on the unit circle. Further show that there is a map

f: Q — P
1-r 2t
t — | —,—
1+ 141
which is injective with image P \ {(—1,0)}.

Question 7. This question gives a projective interpretation of Question 6. We use the notation of
that question.

(a) Convince yourself that we can view Q as a subset of P!(Q) via ¢ — [z, 1]. Similarly, show
that we can view P as a subset of P?(Q) via (u, v) — [u, v, 1] and show that this in fact gives
a bijection P & C(Q) onto the Q-points of C :=V(X?+Y? = Z?).

(b) Show that the map f : Q@ — P extends to the rational map ¢ : P! — C given by

d(X, YD =[Y? - X22XY,Y?+ X2).

By ‘¢ extends f’ we mean that if t € Q, and f(¢) = (u, v), then ¢([¢, 1]) = [u, v, 1].

(c) Show that ¢ is in fact an isomorphism. Hence, primitive Pythagorean triples are parameter-
ized by P!(Q) without caveats (the missing point (—1,0) € P from before now corresponds
to the point oo :=[1,0] € P'(Q)).

2. PRELIMINARIES: ELLIPTIC CURVES

We now discuss elliptic curves. This topic is huge, and we are only presenting some basic prop-
erties of elliptic curves. For mere, see [2].

Definition 2.1 ([2, p.42,§ IILI]). An elliptic curve E over Q is a curve defined by an equation of
the form

y* =x’+ Ax + B,
where A and B are in Q, and such that the number A := —16(4A> + 27 B?) is nonzero.

The equation y> = x> + Ax + B is called a Weierstrass equation for the elliptic curve E. The
associated number A := —16(4A> +27B?) is called the discriminant of the Weierstrass equation.
The discriminant is the analogue of the quantity > — 4ac for the quadratic polynomial ax? + bx + ¢
— the quantity —16(4 A3 + 27 B?) is zero precisely when the cubic x* + Ax + B has repeated roots.
There is a wonderful online database of these curves in the LMFDB (L-functions and modular
forms database) that I strongly encourage you all to explore as you familiarize yourself with these
objects! The examples we consider here have links to their LMFDB pages.

Question 8. Consider the elliptic curve E : y* = x* — x. Show that there is an isomorphism (of

projective subvarieties) ¢ : E — E given by ¢(x, y) = (—x,iy).
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Question 9. Say P? is given homogeneous coordinates [X : Y : Z]. Consider the elliptic curves
Vi=VX’+Y =Z)and W :=V(Y’Z = X’ —4327°).
Show that ¢ = [12Z,36(X —Y), X + Y] : V — W is a morphism. For something a bit harder,

show that ¢ is in fact an isomorphism.

The key property of elliptic curves is that, given points P and Q on an elliptic curve, then we can
find another point on the elliptic curve P + Q. This is done in a very explicit way. You can look at

[2, § II1.2] for details or just ask me.
Question 10. Verify that (1, 1) is a point of order 4 on the elliptic curve E, : y*> = x* — x* + x,

and that (0, 2) is a point of order 3 on the elliptic curve E, : )* = x° + 4.
Question 11. Verify that the doubling map for the elliptic curve y*> = x* + 1 is given by

x* —8x 2x° +40x3
4x3 +47  8)3 '

P=(x,y)|—>2P=(

Note that we cannot plug in the point (=1, 0) on the curve into the formula above — can you explain
why?

The map f(x) = Z::iz is an example of a Lattées map. A Latteés map is a rational function
(i.e. a ratio of two polynomials) that describes the x-coordinate of the point 2P in terms of the

x-coordinate of P for some elliptic curve.

Question 12. This question deals with complex multiplication (CM) in elliptic curves, which will
come up later in this set. Let E be an elliptic curve over C.

(a) Show that Z C End(E), where End(E) denotes the ring of morphisms E — E that are also
group homomorphisms.

(b) We say that E has complex multiplication if Z C End(E). This is, E possesses “additional
symmetries". Show that the curve E : y* = x* — x has complex multiplication over C.

(c) Find a curve E without complex multiplication. Hint: use the LMFDB!

% Question 13. Let E : y> = x> + Ax+ Band E' : y* = x> + A’x + B’ be two elliptic curves.
We let the same letters E, E’ denote also the corresponding projective varieties

E:Y’Z=X+AXZ*’+BZ>and E' : Y*’Z=X>+A'XZ>+ B Z°.

Let ¢ : E — E’be an isomorphism such that ¢([0 : 1 : 0]) =[0 : 1 : 0]. Show that ¢ must be
of the form

(XY, Z) =[A*X : A’Y : Z]
for some A € Q. Given that ¢ is of this form, write A’, B in terms of A, B, A.

Question 14. Try this exercise if you have access to one of the computing softwares Magma/Pari
GP/SAGE. Open up the webpage of your favourite elliptic curve from this list of curves from the
LMFDB of elliptic curves E over Q with E(Q) = Z. Using the “Show command" option on the
top right of the webpage you opened up, learn how to enter the elliptic curve and a generator P for
the Mordell-Weil group into your chosen platform. Also compute the points 2P,4P,8P, 16P etc.
using your chosen platform — what do you observe about the heights of the x-coordinates of these

points? Repeat this experiment with a different elliptic curve from the list.
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3. HEIGHTS IN Q
As a warm-up, we first define heights of rational numbers.

Definition 3.1. Let x = p/q be a rational number written in lowest terms (gcd(p,q) = 1). The
height of x is defined to be

H(x) = H(p/q) = max{|p|, |q|}.

Question 15. Let x|, ...,x, € Q. Prove the following basic properties of the height for rational
numbers:

(@ H(x;--x,) < H(x)) - H(x,);
(b) H(x,+ - +x,) < nH(x,) - H(x,).

One of the most important properties that we want to get when we define any height is the North-
cott property.

Definition 3.2. The Northcott property for a height function H : X — K states that for any
N > 1 there are only finitely many points of X of bounded height.

Question 16. Show that the Northcott property holds for the height function of a rational number
presented in Definition 3.1.

4. HEIGHTS IN PN (Q)
We define the height in the case of Q-rational points in PV i.e. the set
PY(@) = {[xg, ..., xy] € PY | x, € Q forall i}.

Definition 4.1. Given a point P = [x,...,xy] € PN (Q), we may assume that the homogeneous
coordinates satisfy

“4.2) Xgs---s Xy €Z and  ged(xg,...,xy) =1

(see Question 2). Having done this, we define the height of P to be
H(P) = maX{|x0|’ sees |xN|}a

and the logarithmic height of P to be h(P) = log H(P).

Question 17. Prove the Northcott property for the height function in projective space. This is,
show that for any N > 1 there are only finitely many points of P"(Q) of bounded height.

Question 18. Let
4.3) v(B) =#{P € PY(Q) : H(P) < B}.
Find positive constants ¢, and ¢, such that

¢, BN < w(B) < ¢, BN
forall B > 1.

% Question 19. Let ¢ : PV — PM be arational map of degree d, defined over Q. Prove that there
exists a constant C > 0, depending only on ¢, such that

h(@(P)) <dh(P)+C
for all P € PN(Q) at which ¢ is defined.



In fact, if ¢ is a morphism, it is also possible to prove a lower bound of the form A(¢(P)) >
dh(P) — C, but we will not yet do so. For now, consider the following example. View the map
¢ from Question 7 (b) as a morphism ¢ : P! — P? of degree 2, and compute explicit constants
C,, C, > 0 such that

2h(P) - C, < h($(P)) < 2h(P) + C,

for all P € P1(Q).
Question 20. Consider the hyperplane
X :=V(agxy+ ... + ayy Xyy,) C PV

where ay, ..., ay,, € Q are not all zero. Show that, for each integer M > 1,

(PeX@Q): HP)S<M}<C2M + )N+
for some constant C > 0. Hint: Construct an isomorphism between X and P" and use Question
19.

Question 21. For P =[x, ..., xy] € PY and Q = [y,, ..., y,,] € PM, define

P ¥ Q =[xy, Xy, - 3 X Vjseee Xyl € PMN+M+N

The map (P, Q) — P x Q is called the Segre embedding of PN x PM into PMN+M+N
Prove that

H(P % Q)= H(P)H(Q)
for any P € PV(Q) and Q € PM(Q).
Question 22. Let M = (N;d) — 1 and let f,, ..., f;, be the distinct monomials of degree d in the
N + 1 variables X, ..., X . For any point P = [x,, ..., xy] € PN, let
PO = [fy(P),..., [ (P)] € PM.

The map P — P9 is called the d-uple embedding of PN into PM.
Prove that
H (PY)=HP) =H ([x},....x%])
for all P =[x, ..., xy] € PN(Q).

%k Question 23. When N = 1, prove that

lim X8 _ 12
B-w B2 N a2

where v is defined as in (4.3). More generally, prove that the limit

C(N) := flgilglo v(B)/BN*!

exists, and express it in terms of a value of the Riemann {-function. Can you prove the more precise
asymptotic behaviour

(B) ZB*+0(BlogB), ifN=1;
v =<K 7
C(N)BN*' +O(B") if N > 1,

as B — o0?



5. PRELIMINARIES: NUMBER FIELDS

Our goal will be to recall some of the theory of number fields, which we will need to define
more general heights. This section might have some missing information, so you can look at [4,
Chapter 13] or [3] for details.

Definition 5.1. A number field is a field K which is a finite extension of Q. The degree [K : Q]
of a number field K is the dimension of K as a Q-vector space. An algebraic number is an
element of a number field K.

Question 24. Let i be the complex number such that i> = —1. Show that the subset {a+bi : a,b €
Q} of Cis a number field of degree 2.

Definition 5.2. The minimal polynomial of an algebraic number « is a polynomial f(x) € Z[x]
of lowest degree such that f(a) = 0 and such that the leading coefficient of f is positive and the
greatest common divisor of all its coefficients is 1. The union of all algebraic numbers inside C is

an algebraic closure Q of Q.

Question 25. Prove Gauss’s Lemma: a polynomial f := a,x" + a;x"' + ... + a, in Z[x] is
irreducible if and only if it is irreducible in Q[x] and gcd(a,, ...,a,) = 1.

Question 26. Prove that the minimal polynomial of an algebraic number is an irreducible element
of Z[x].

Question 27. Suppose that the minimal polynomial f € Z[x] of a factors as
f)=apx"+...+a,=a)(x—a;) (x—a,)
over C. Then prove that for every i between 0 and n, we have

a;/a, = (1) Z a oy

1<s; <8y <<5;<m

Theorem 5.3 ([3, Theorem A.6]). Every number field K is of the form Q[x]/(f(x)) for some irre-
ducible polynomial f(x) € Q[x]. A root of the polynomial f in K is called a primitive element.

Question 28. Use Theorem 5.3 to show that every algebraic number field K of degree n admits
precisely n distinct embeddings ¢, 05, ...,0,: K = C.

Question 29. This question will introduce you to splitting fields and get you more comfortable
computing with number fields.

Algebraic number Minimal polynomial Number field Degree
a/beQ bx —a Q 1
gcd(a,b)=1, b>0

i x?+1 Q>) = Q[x]/(x*+ 1) 2

V2 +1 (x—12 -2 Q(V2) = Qlxl/(x>=2)| 2

V2 P QW2 = Qx]/(x*-2)| 3

¢, a primitive p-th root b, (x) 1= = Q) = Qlxl/(@,(x) | p—1

of unity for a prime p | p-th cyclotomic polynomial | p-th cyclotomic field

(a) For each of the rows of the table, do the following.
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« Find all of the roots of the minimal polynomial over the number field. How many roots
do you find?
 Factor the minimal polynomial over the number field.

(c) Answer the same questions for the polynomial f(x) := x> —2 over S := Q[x]/(x®—108).
You should only get linear factors. We call the number field .S the splitting field of f(x):
the smallest field extension of the base field over which f(x) splits (decomposes into linear
factors).

Question 30. Prove that any irreducible polynomial of degree »n in Q[x] has n distinct roots in C.

6. HEIGHTS OF ALGEBRAIC NUMBERS

Now we have all of the necessary preliminaries to be able to define a height function for algebraic
numbers!

Definition 6.1. Let « be an algebraic number in a number field K of degree n with minimal polyno-
mial a,x" + a;x"' + ...+ a, € Z[x]. Leta,, a,, ..., a, be the images of a under the n-embeddings
of K into C — these are called the n conjugates of a. Define the Weil /absolute height' H () of
a by

1/n
H(a) := <|ao|Hmax<1,|a,.|>) ,

and the Weil /absolute logarithmic height h(a) of a by
h(a) :=log H(a).
Question 31. In this problem, you will show that H(a™!) = H(a).

(a) If @ is a nonzero algebraic number with minimal polynomial f(x) := ayx"+a,x""'+...+a,,
then verify that 1/« is also an algebraic number with minimal polynomial

) =x"f(1/x)=ay+ax+...+a,x"

if a, > 0, and minimal polynomial — f™(x) if a, < 0.
(b) Describe the roots of f"V(x) in terms of the roots of f(x).
(b) Show that H(a™") = H(a). Hint: use Question 27.

Let & be an algebraic number with minimal polynomial a,x" + ... +a,. We can view « as giving
apoint [a, : a; : -+ : a,] in P"(Q). Using Definition 4.1 of heights of points in P"(Q), we can
define

H,(a) :=H([a, : a; : - : a,]).

Question 32. Let a = {; be a primitive third root of unity. Compute H(a) and H,(a). Hint: the
minimal polynomial of « has degree 2.

sk Question 33. There is also a third definition of a height function Hj;, in terms of the house )
and denominator den of an algebraic number « (See also [1][§ 3.4]):

IThe quantity H(a)" := |ag| [[, max(1, |a;]) is called the Mahler measure of the polynomial f. One can more
generally talk about the Mahler measure for any polynomial in C[x] and there is a formula for it as a contour integral
on the unit circle in C. See [1][§ 3.3]
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A (@) :=Ta| = max a|
den(a) :=min{D € Z : D >0, Da has a monic minimal polynomial in Z[x]}

en(a) max (1, /ﬁ\(a)> .

o~
—
K
~
.l l.
oL

Prove that den(a) is well-defined and divides the leading coefficient g, of the minimal polynomial
ayx" + ... + a, of a. Prove explicit inequalities relating H (a), H,(a) and H;(@).

Question 34. Fix m > 1. Consider the polynomial g defined by
g(x) i=aj(x —al’) - (x —a).
Show that g(x) € Z[x] and that it is a power of the minimal polynomial of a™.

Question 35. Consider an algebraic number a with minimal polynomial f(x) = a,x" + ... +a, €
Z[x], and conjuagtes «,, ..., a,. Let

Disc(f) = a?" 2 [ [ (@ - @,)?

i>j

be the discriminant of f. Show that
1 log |Disc(f)| <logn + (2n — 2)h(a).
n

% Question 36.

(a) Prove Liouville’s inequality, namely that if « is an algebraic irrational number of degree
n > 2, then there is a constant C (depending on «), such that for any rational number a/b
with b > 0, we have

> C/b.

a
a__
b

(Hint: Let f be the minimal polynomial of @. Combine a lower bound on the nonzero
rational number f(a/b) and an upper bound for | f (@) — f(a/b)|/(a — (a/b)) using the
Mean Value Theorem.)

(b) A Liouville number is a real number x with the property that for any integer n, there is a
rational number a/b with b > 1 such that

0<|x—1(a/b)| <1/b".
Prove that Liouville numbers are transcendental and that Liouville’s constant

- 1
2 ion

k=1

is a Liouville number.



7. PRELIMINARIES: RINGS OF INTEGERS

We will continue our study of algebraic integers, so you can think of this section as part II of
section 5.

Question 37. Prove that for every algebraic number «a, there is a nonzero integer m € Z such that
ma is an algebraic integer.

Question 38.

(1) If a is an algebraic integer with minimal polynomial f of degree n, prove that the dis-
criminant of the power basis generated by « is precisely the discriminant of the polyno-
mial £, and we have A(@) := A(l,q,...,a"") = (=D ], f'(a). In particular, if
f(x) = x*+ax+b, then the corresponding discriminant is b* —4a and if f(x) = x>*+ax+b,
then the corresponding discriminant is —4a® — 27b%.

(2) Let p be a prime and let ¢, be the p-th cyclotomic polynomial. That is

xP -1 —1
x—1
Show that the discriminant of the power basis generated by a primitive p-th root of unity

g, 1s (—1)(p51)p"‘2. (Hint: Use the equality ¢,(x)(x — 1) = x? — 1 and the product rule of
differentiation to simplify qb; (&,)-)

¢,(x) =

Question 39. Verify that 2,3,1 + 1/—5,1 — v/ =5 are four mutually non-associate irreducible ele-
ments in the ring Z[v/—5] that are not prime.

Definition 7.1. Let K be a number field. An algebraic integer in K is an element whose minimal
polynomial f(x) := ayx" + ax" '+ ...+ a, € Z[x] has a; = 1 (i.e. f is a monic integral
polynomial). The collection of all algebraic integers in K is denoted Oy and is called the ring of
integers of K.

Question 40. Let K/Q be a degree n number field.

(a) Prove thatif I is a nonzero ideal of O, then there is a nonzero integer min I N Z.
(b) Show that every nonzero ideal I is a sublattice of @ of maximal rank, i.e. I has finite
index in O, and is isomorphic to Z" as an abelian group.

Question 41. Let K = Q (\/—23>.

(a) Find O.

(b) Prove that the norm map N : K — Q taking a — ao(a), where o is complex conjugation,
takes values in Z when restricted to O.

(c) Show that 2 is irreducible in O but not prime. Conclude that O is not a UFD.

Definition 7.2. Suppose that a is an algebraic number with irreducible polynomial f. Assume that
f factors in R[x] into r linear factors and s quadratic irreducible factors. Then r + s = 2n, and the
n-embeddings of K into C naturally split into r real embeddings 6,65, ...,0,: K — R and s pairs
(t;, 7)), (75, T5), ..., (1, 7,) of complex conjugate embeddings K — C. (Here for each i between 1

and s, the embedding 7, is the one obtained by composing the embedding 7, : K — C with complex
10



conjugation.) The Minkowski embedding K — R" is given by
K - R xXC° Rr+23
a — (oy(a), ..., 0.(a),Re(7, (@), Im(7 (), ... , Re(7,(a)), Im(7 (a))),

Question 42. Verify that \/5 + 1 1s a unit in the ring Z[\/i]. Use the Minkowski embedding to
show that 4/2 + 1 has infinite order in the group of units of Z [\/5].

k Question 43. Show that the ring Z[4/—2] is a UFD (Hint: it suffices to show that it is a Euclidean
domain).

Question 44. Consider the elliptic curve E : y* = x> — 2. In this exercise, we will find all integer
points on this curve. Fix any x, y € Z satisfying y* = x* — 2.

(a) Show that y is odd.

(b) Note that if we work in the ring Z[\/——2], then we can write

Y+ V-2 -V-2)=x
Take for granted the fact that Z[/—2] is a UFD (see Question 43), and show that y + v/ -2

and y — \/—2 are coprime.
(c) Show that there must exist some unit u € Z[V/—2]* and some a« € Z[V/—2] so that

y+ V-2 =uad’.
(d) Show that we can always take u = 1 above (Hint: if « € Z[1/—-2] C C, its complex norm

|a| is an integer. Use this to compute Z[{/ —2]*.)

(e) At this point, y + \/—2 must be a cube in Z[v/—2]. Directly compute all (finitely many)
possible values of y, and then use this to find all integral points of E (See footnote for the
end result?).

Question 45. Let K = Q (\/7, \/—2). Enlarge the finite index subgroup of O spanned by

1, \/7, \/——2, V=14 to a Z-basis for O.

Question 46. Let K be anumber field of degree nand f,, ..., §, be Q-linearly independent algebraic
integers in K. Show that the lattice A spanned by the images of the f; has rank » in R” and that
the fundamental domain of A has volume 2‘5\/ |ABy, Py, ---» B,)], where s is the number of pairs
of complex embeddings of K.

Definition 7.3. A Galois extension K/ F is a field extension F C K such that

(1) the extension is finite: the dimension of K as a vector space over F, denoted by [K : F],
is finite.

(2) the extension is algebraic: for every @ € K, there is a nonzero polynomial with coefficients
in F such that a is a root of this polynomial;

(3) the extension is normal: Every polynomial in F[x] that has a root in K has all roots in K;

(4) the extension is separable: For every a € K, its minimal polynomial is separable (does not
have repeated roots).

2You should find that the only integer solutions to y* =x3 —2are (x,y) = (3, +5)
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Equivalently, an extension K/ F is Galois if and only if K is the splitting field of some separable
polynomial over F. If K/ F is Galois, then we define Gal(K / F), the Galois group of K/ F, to be
the group Aut(K/F). This is, Gal(K / F) is the group of field automorphisms of K that fix F. For
details, see [4, Chapter 14].

Question 47. Consider the natural action of .S, on Z[x, x,, ..., x, ], namely the permutation action
on the indices of the variables. Let rj, = HKJ.(xi —X;) € Z[x},X,,...,x,] and let D = .
(1) Leto € S,,. Show that 6(D) = D forall ¢ € S, and that 6(r;)) = rifand only if 6 € A,.
(2) Now let p be an irreducible cubic polynomial in Q[x]. Let E be the splitting field of p over
Q, let ay, a,, a; be the roots of p in E and let G := Gal(E/Q). Show that G is either A, or
S3-
(3) Let G be as above. show that G = A5 if and only if (e, a,, a;) € Q. (In other words, the
discriminant of the polynomial p is a square in Q if and only if the splitting field of p is a
cubic Galois A, extension.) *

Question 48.

(1) Let g(x) = x> — 21x — 7. Show that q is an irreducible polynomial in Z[x]. (Caution:
Remember that there is one extra step in going from being irreducible in Q[x] to being
irreducible in Z[x]). Graph the polynomial g and show that all its roots are real.

(2) Compute the discriminant of the polynomial ¢ and show that the splitting field of ¢q is a
cubic Galois A, extension of Q. 4 (Hint: use Question 47).

(3) Show that if the splitting field of an irreducible cubic polynomial over Q is an A, extension,
then all the roots of the cubic in C are real. (Remark: The converse is not necessarily true,
but an explicit example does not come to mind. Let me know if you find one!)

% Question 49. Consider the affine elliptic curve with equation y* — x> + x € C[x, y] and its
associated affine coordinate ring .S := C[x, y]/(3* — x> + x).

(1) Let a be a complex number. Prove thatif a ¢ {—1,0, 1}, then .S/(x — a).5 has exactly two
prime ideals, whose lifts p,, p, to S satisfy (x —a).S = p,p, (the "completely split" case),
and that if a € {~1,0, 1}, then .S /(x — a)S has a unique prime ideal p and (x — a).S = p>
(the "ramified" case).

(2) Show that every nonzero prime ideal of .S is of the form (x — a, y — b) for some complex
numbers a and b. (Hint: Show that the intersection of a nonzero prime ideal of .S with C[x]
is a nonzero prime ideal of C[x], and hence of the form (x — a) for some complex number
a.)

sk Question 50. Let p be a prime number, and let K = Q({,), where { = ¢, is a primitive pth root
of unity. In this problem, we want to compute the ring of integers O . First, recall from Question
38 that Z[¢,] has discriminant +(power of p). Recall also from lecture that

(1) Deduce that the index of Z[{,] in Oy is a power of p. Suppose that (pOx N Z[,]) = pZI[{,].
Use this to show that O = Z[{].

3See sections 14.6 and 14.7 of Dummit and Foote for explicit solutions to cubic and quartic polynomials over Q
by radicals. The explicit forms of the solutions can be used to give an alternate proof for the problem above.
“This is one of the extensions that shows up when you try to write down a primitive 7-th root of unity explicitly in
terms of radicals.
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(2) Note that the minimal polynomial of { — 1 is

1)y -1
fe) =g+ ==L

Show that f(x) is p-Eisenstein’. Use this to show that (¢ — 1)*~! | pin Z[{].
(3) Show that (pOy N Z1¢,D) = pZ[¢,] (Hint: Z[{] = Z[{ — 1], so any x € pOx N Z[¢,] can be
written as
x=cy+c({—1)++c,(¢—1)
whered =[K : Q] —1 =p—2and ¢; € Z. Inductively show that p | c,).

It turns out that for any number field K, the ring of integers @ is Dedekind domain. This is,
any ideal of Oy can be written uniquely as a product of prime ideals. In particular, let p be a prime
number, then the ideal pO can be factored as a product of prime ideals

POx =y ... P

Definition 7.4. The exponent e, of the prime ideal p, appearing in the factorization of pOQy is called
the ramification index of p, over p, and is also denoted e(p,|p).

Question 51. Let K = Q(a) be a number field. Let f be the minimal polynomial of a, and let p be
a prime that does not divide the index [Of : Z[a]]. Suppose f factors as

J(x) = £ ... f.(0)  mod p,

where f;(x) € Z[x] such that f;(x) mod p are pairwise distinct irreducible polynomials in F,[x].
Let p;, := (p, f,(a)) for each i. Verify that p, is a prime ideal.

Question 52. Let K be a number field and Oy be its ring of integers.

(1) Show thatif I is a nonzero ideal of O, then I N Z is a nonzero ideal of Z. Use this to show
that I has finite index in O.

(2) Show that if p is a prime ideal of O, then p N Z is a prime ideal of Z.

(3) Prove that every finite integral domain is a field. (Hint: To prove that a nonzero element «
has a multiplicative inverse, consider the set {a, az,...})

(4) Combine the previous three parts to show that if p is a nonzero prime ideal of O, then
p is in fact a maximal ideal. If p is a generator for the ideal p N Z, then O /p is a finite
extension of the finite field [,.

Definition 7.5. Let p be a prime ideal of O. The inertia degree of p is the degree of the extension

Ok/p.
Note that this is well defined because of Question 52.
Question 53. Let K be a number field and let p be a prime number that does not divide the index

[Ok : Z[a]]. If p, is the prime ideal associated to the irreducible polynomial f,(x) appearing in
the factorization of f modulo p, show that the inertial degree of p; is the degree of the polynomial

Ji
Question 54. Let p be a prime ideal of Oy, where K is a number field.
(1) Show that p’ # p'*! for any integer i.

e, f(x) = agx" + a;x""' + - + a, where p } ay, p* } a,,, but p | a; for all i > 0 (including i = n)
13



(2) Leta € p' \ p'*!. Show that the map of Ox-modules O /p — p’/p'*! induced by sending
1 to  is an isomorphism.
(3) Verify that the dimension of Oy /p” as a [, vector space is r f (p|p).

Question 55. Assume that K is a number field.

(1) Show that every ideal of O 1s generated by at most two elements.
(2) Show that O is a PID if and only if it is a UFD.

8. HEIGHTS IN PV (K)

In this section, we will use absolute values to define a height function on PV (K).

Definition 8.1. An absolute value on a field K is a function | - | : K — R such that for all
x,y € K, we have

(1) |x| =0, and |x| = 0 if and only if x = 0. (non-negativity and positive-definiteness)

(2) |xy| = |x] - |yl. (multiplicativity)

(3) |x+ y| < |x]| + |y|. (triangle inequality)
If an absolute value satifies the strong triangle inequality |x + y| < max(|x|, |y|) (which implies the
weaker inequality 3), we say | - | is non-Archimedean (or ultrametric) absolute value. Otherwise,
| - | is called Archimedean.

Question 56. This is a sanity check. Show that the usual absolute value on C is an absolute value.
Can you prove that it is Archimedean?

Question 57. Let p be a nonzero prime ideal in a number field K, with pZ = pn Z. Show that the
function | - [, defined by
-1, K" >R
0~0
X p—f(vlp)vp(X) ifx#0

1s a non-Archimedean absolute value on K.

Note that every absolute value on a field K gives K the structure of a metric space where

d(x,y) = |x -yl
This gives a topology on the field K.

Definition 8.2. We say that two absolute values are equivalent if they induce the same topology on
K. A place of K is an equivalence class of a nontrivial absolute value on K. The collection of all
places of a field K is denoted M. Archimedean places are also called infinite places, and non-
Archimedean places are also called finite places. Moreover, MSpec(Oy) is the set of maximal
ideals of O.

Question 58. Show that the two different embeddings K := Q (\/5 ) — R induce different

topologies on K. (Hint: Can you construct a sequence of elements of K that converges to 0 in one

topology but does not converge in the other?)
14



%k Question 59. Prove the product formula for number fields: for x € K* we have

( H |X|p> (H |O'i(x)|R> <H |Tj(x)|é> =1.
peMSpec(Ok) i=1 iy

(Hint: Let x € O \ {0}. Compute the size of O /xOf in two ways: (1) Show that it equals the
product of the terms coming from the Archimedean places. (2) Show that if xO = pi‘ ...p and

p;,NZ = p,Z with p, > 0, then #O /xOy = pr"f"). This is analogous to the proof of the product
formula over Q.

Definition 8.3. Let K be a number field. Define the height function H : P"(K) — R as follows.
Let P € P"(K) be a point with a representative [x, @ x; : ... : x,] with x; € K, not all zero (i.e.
homogeneous coordinates for P). The relative height of P (relative to K) H(P) is defined
to be the product

[T maxtxly .. Ix,1,) <Hmax(|ai(xo)|R, . |0'i(xn)|R)> <
i=1

PEMSpec(Og)

max(|z;(xo)|Z, ..., |rj(xn)|?c)> .
=1

J

The absolute height of P is
H(P) := H(P)"/1:9,

Question 60. Let K = Q (\/ —1). Compute the relative height Hy of P := [5,6]. Use this to
compute H(P).

Question 61. Prove that if @ € K for a number field K, then H(a) = H([a : 1]).

%k Question 62. Prove that if P € P"(K) with homogeneous coordinates [x, @ x; : ... ! x,],
where x; € K fori € {0, ...,n} and one of the coordinates is equal to 1, then

n 1/n
H(P) > <H H(x,.)> .
i=0

Question 63. Let K/Q be a finite Galois extension (as in Definition 7.3). Show that if ¢ is an
automorphism of K in Gal(K/Q) and P =[x, : ... : x,] € P*(K). Then,

Hy(o(P)) = Hg(P),
where o(P) = [o(x)) : ... : o(x,)].
k Question 64 (Generalized Liouville’s inequality). Let L /K be an extension of number fields and

S be a finite set of primes in O, . Let , § be elements of L with a # f.
(a) Show that H(a — ) < 2H (a)H (p).
(b) Show that HpeS lal, < H(a)".
(c) Show that
CH@HP)™ < H la = Bl, < CH(a)H(p))".

pes

[Hint: For the lower bound use that H(y) = H(1/y) for any y € @.]
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9. HEIGHTS ON ELLIPTIC CURVES

We are now ready to define heights on elliptic curves! This is not where the theory of heights
ends, but will be the last topic we cover. If you are curious about other height functions or applica-
tions, please ask!

Definition 9.1. The Weil height function of an elliptic curve E defined over a number field K
is the function

h,: E(@Q) — R
P — h(x(P)).
Definition 9.2 (Tate). The canonical or Néron-Tate height on an elliptic curve E over a number
field K is the function
hy: E@Q) —» R
h 2N P
P Jim 2220

N—oo 24N
Question 65. Show that the canonical height function is well-defined. You can follow the proof of
this fact in [2, Chapter 8, Proposition 9.1].
Question 66. Show that the canonical height function 7 : E(Q) — R satisfies the following
properties:

(a) (Northcott) |2iz g — hg| is a bounded function on E (@). Hence, the set of points of E (@)
with bounded canonical height is finite.

(b) (Parallelogram law) Let P, R € E(Q) be any two points of E(Q). Then, we have
hy(P+ R) + hy(P — R) = 2h,(P) + 2h(R).
In particular, for any positive integer m, we have
hy(mP) = m*h,(P) (canonicity),

and
hp(P+ R) <2h,(P)+ 2h.(R).

(¢) (Uniqueness) Any function n E(@) — R satisfying Northcott and canonicity for any
one integer m > 2 is equal to /1.

Question 67. Let P € E(Q). Show that i,(P) > 0. Furthermore, show that i ,(P) = 0 if and
only if P is a torsion point.

Question 68. Let K be a number field, and let E/K be an elliptic curve defined over K. Prove that
the group E(K),, of torsion K-points is finite.

The next two questions ask you to adapt the construction of the canonical height function on an
elliptic curve to a dynamical setting.

Question 69. Let / : P" — [P" be a morphism of degree d > 2 defined over a number field K.
Recall from lecture that A(f(P)) = dh(P) + O(1) for any P € P"(Q), say

|h(f(P)) —dh(P)] <C
16



forany P € P"(Q). Use a telescoping sum argument to show that
h(fN(P)  h(fM(P)) < C

N am ~(d-1)dM
for all N > M > 0. Conclude from this that the function
~ . h(fN(P))
hf(P) = J\lrlirolo v

is well-defined, i.e. that the limit always converges.

Question 70. Let E be an elliptic curve over a number field K. Consider the two statements.
(1) Forall P,Q € E(Q), we have
hp(P+ Q)+ hp(P—Q)=2h(P)+2h,(0)+ O(1),

where the implied constants in O(1) depend on E, but are independent of the pair of points

P,0.

(2) For any integer m € Z, we have
hy(mP) = m*h (P) + O(1),

where the implied constants in the O(1) notation depend only on E and m and not on the
point P.

Show that 2 follows from 1.

%k Question 71. Let ,, ..., @, be any n algebraic numbers (not necessarily conjugate), and let
f)=x—a)...(x—a)=x"+ax"" '+ +a, x+a, € Qx].

Also set a, = 1. Show that

—nlog(2)+ )" h(e) < h([l : @, : = : a,]) < (n—1)log2+ ) h(a,).
i=1 i=1

Hint: Fix a place v, and use induction on n = deg f to show that

0<i<n

n n

) -1

cvnHmaX{l,‘aj‘U} < max |g;|, < ¢” Hmax{l,‘aj‘v},
j=1 =

where ¢, = 1 if v is non-archimedean, but ¢, = 2 if v is real, and ¢, = 4 if v is complex. In the
induction step, you'll want to write f(x) = (x — a,)g(x) with k chosen to maximize |a,]|,.

%k Question 72. This problem will give you a way of computing 2- E(K) to use the Descent method
for E(K). ® Let E be an elliptic curve defined over K. Consider the ring R := K[x]/f(x)K[x].
Define the map ¢ : E(K) — RX/(RX)? given by
$(P) = x(P) - x

Show the following

(1) ¢ is a homomorphism

(2) ker(¢p) =2 - E(K)
Use the map @ to show that if E : y*> = f(x) and f(x) € Q[x] has three rational roots, then
E(Q)/2E(Q) is finite.

This problem comes from Section 7 of this REU paper
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k Question 73. Let G be an abelian group. Show that G is finitely generated if and only if

(1) G admits a norm (as an abelian group). This is, thereisamap | - | : G — R, such that
(i) |mp|=|m]||p|forallg e Gand m € Z,
(i) |h+g|<|h|+ |g|forall h,g € G,
(iii) foreachc € Rthe set Ge¢ := {g € G | |p| < c} is finite.
(2) G/mQG is finite for some integer m > 1.
Does your proof determine explicitly a set of generators? Note that this is analogous to the descent
method used in the lectures to show that E(K) is finitely generated, where E is an elliptic curve
defined over a number field K.

Question 74. Let > = x*> + Ax + B be the defining equation for an elliptic curve E, where A, B
are constants in K such that 443 + 27B? # 0. Assume that P and Q are points on E such that
x(P)=1[x; : 1,x(Q) =[x, : I, x(P+ Q) =[x5 : 1]and x(P — Q) =[x, : 1] (where x; = oo if
the corresponding point is infinity on P'). Show that the following identities hold.
2(x; + x,)(A+x,x,) +4B

(x; + %)% —4x,x,

(x,x, — A)?> —4B(x, + x,)
(b) x3x, = 1X2 1 2)

@ x3+x,=

(x; + x,)% —4x,x,

Question 75. Let A and B be elements of K such that 443 + 27B> # 0. Let 8- 81> 8 In K[t,u,v]
be defined as follows:

gO(ta u, U) = MZ - 4tU,
g,(t,u,v) :=2u(At + v) + 4Br>,
g,(t,u,v) := (v— At)* — 4Btu.

(a) Show thatifr =0, thenu =v =0.

(b) Assume t # 0. Define z := u/2t. Using g, = 0, show that z> = v/t.

(c) Define w(z) :=4z(A+z*)+4Band ¢(z) := (z>— A)*—8Bz. Show that g,(t,u, v) = *y/(z)
and g,(t,u, v) = *¢(z2).

(d) Verify that (12z> + 16A)¢(z) — (3z° — 5Az — 2T B)y(z) = 4(4A3 + 27B>).

(e) Conclude that y and ¢ cannot simultaneously vanish, and hence g, g,, g, have no common
zero with ¢t # 0.

Conclude that if (¢, u, v) is a common zero of g, g, and g,, thent =u =0v =0.

Question 76. Let K be a number field, and let E /K be an elliptic curve with canonical height
hy : E(Q) — R. Consider the pairing

(P.0) =2 [P + ) = hy(P) - 3O

on E(Q) x E(Q).
(1) Show that (P, Q) is symmetric, bilinear, and satisfies (P, P) = ) £(P). The is sometimes
called the height pairing on E.
Hint: first show that 7 ¢ satisfies an exact parallelogram law.
(2) If you know about tensor products, then show that (—, —) extends to a positive definite inner

product on the real vector space E (@) ®, R.
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We will see an application of (a generalization of this) in Question 80.

Question 77. The Hilbert’s Nullstellensatz is an essential theorem in algebraicc geometry. The
most common version of this theorem is given as follows. Let k be an algebraically closed field
and consider an ideal J C k[ X, ..., X,,]. Define

V(J):={xek" . f(x)=0forall f € J}.

The Hilbert Nullstellensatz states that if f € k[ X, ..., X,] is a polynomial such that f(x) = 0 for
all x € V(J), then there must be e € Z, such that /¢ € J.
Suppose F : PV — PM is a morphism of degree d over a number field K, i.e.

F(P)=[fo(P): ... o fy(P)],
where the f; are homogeneous polynomials of degree d in N + 1 variables with coefficients in K.

N+l
Assume that the f; have no common zeros in Q * \ (0,0,...,0). Use Hilbert’s Nullstellensatz
to show that if [ X, ..., X 5] are coordinates for PV, then there is an exponent e € 7 and there
are polynomials 8 € Klxg,...,xy] fori € {0,...,N} and j € {0,..., M} such that for every

ie{0,...,N}, wehave
M
Xf = Zgijfj'
=0

Definition 9.3. For K a number field, v a place of K, and g € K][x,, ..., x,] a polynomial, we let
|g|, denote the maximal absolute value of any of its coefficients, i.e. if g = )}, a ;x! with I ranging
over all multi-indices (cy, ..., c,) € Z2 with ¢y + -+ + ¢, < degg,” then |g|, = max, |a,|,.

Question 78. In this problem, we will show that for a morphism F = [f, ..., f),] : PY — PM of
degree d over a number field K, one has

h(F(P)) = dh(P) + O(1)

if the polynomials f; € K[x,, ..., x,] have no common zero other than (x, ..., xy) = (0, ...,0).

(1) Let g € K[x,, ..., xy] be homogeneous of degree d, and let v be a place of K. If v is
archimedean, show that

lg(P)], < <N;—d> |g|, max |xi|z forall P = [x,,...,xy] € PY(Q).

0<i<N
If v is non-archimedean, show that
d _ N/~
lg(P)], < |g|U0r2§)]i’ |x;|, forall P =[x, ...,xy] € PY(Q).
Use this to conclude that
h(F(P)) < dh(P) + C, forall P = [x,, ..., xy] € P¥(Q),
where C, = [K : Q] log(N;d) + h(F), where |F|, 1= maX, <y |fj‘u and h(F) :=

8
>, log|F],.
"Here, x! := xgoxil ...x,;"and a; € K is just some choice of coefficient associated with I.

8This A(F ) is the height of the projective point whose coordinates are given by the collection of coefficients of the

19



(2) Hilbert’s Nullstellsatz (See Question 77) guarantees the existence of an exponent e and
polynomials 8 € K{[x,, ..., xy] such that for every i € {0,..., N}, we have

M
e __
X, = Zg,-jfj-
j=0

For a place v, let |G|, = max,; . To avoid breaking into archimedean and non-

v

8ij
archimedean cases, we now introduce

) { 1 if v archimedean
€. =

v 0 otherwise.
To ease notation even further, for a point P = [x,, ..., x,] in projective space, we define
|P|, := maxyy |x;|,. Now, arguing as in (1), show that

[P < (M + 1) <max \g,-,(m\ ) |F(P)|, < C'|F(P)|,|P|" for any P € PN (Q),
i,j v

where C' := (M + l)ev(NJ;_d)e” |G|,. Use this to conclude that

dh(P) + C, < h(F(P)) for all P € P¥(Q),
where C, = [K : Q] <log(M + 1)+ log (N*j'j“’)> + h(G), where h(G) := ¥, log|G],.

Question 79. Consider the degree 2 rational map
F: P — P2
[x,y,z] — [x* xy,z%].

Note that F above is not a morphism, so Question 78 does not apply to it. Show in fact there are
infinitely many points P € P?(Q) such that A(F(P)) = h(P).

¢ Question 80. This question will assume some familiarity with algebraic curves and their jaco-
bians. In addition to the Mordell-Weil Theorem (that the group of rational points on an elliptic curve
is finitely generated), another celebrated application of heights is in Vojta’s proof of the Mordell
Conjecture’. This conjecture states that any curve of genus g > 2 defined over a number field
K has finitely many K-points. After assuming some hard facts about heights on curves and their
jacobians, we will ask you to prove this statement.

Let K be a number field, let C/K be a curve of genus g > 2, and let J = Jac(C) be its jacobian.
Assume that C(K) # @, so we may define an Abel-Jacobi embedding j : C < J. We take for
granted the following facts.

(1) There exists a height function hoJ Q) - R which satisfies both the Northcott property
and that h(mx) = m*h(x) for any m € Z and x € J(Q). '°

This conjecture was originally proved by Faltings.

10For those more familiar with the Weil height machinery, on J, there is a so-called theta divisor ® :=
Jj(C)+ -+ j(C) C J. The function A alluded to here is a canonical version of the height function associated to
—_—

(g—1) summands
the divisor ® + [—-1]*0, where [—1] : J — J is negation in J’s group law.
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In particular, the points of height 0 are exactly the torsion points of J. Furthermore, the
map (—,—) : J(Q) X J(Q) - R defined by

(x.3) 1= 2 [+ 9 = o = o)

is a symmetric, bilinear pairing satisfying (x, x) = /f\z(x). Inspired by this, we introduce the

notation
lIxll == V/{x,x) = \/ h(x)

forxedJ (@).

(2) The group J(K) C J (Q) of K -points on the jacobian is finitely generated, and the pairing
(—, —) considered above gives a positive definite inner product on the finite dimensional
vector space V' 1= J(K) ®, R.

(3) Forany e > 0, there exists constants B > 0 and k > 1 such that for any distinct P,Q € C (@)
satisfying both'’

(J(P), j(Q))

3
i(P)I > Il Band 72 52 4

one has
(P < «llj (Ol
This is called Vojta's inequality.

Use the above 3 facts in order to prove that C(K) is finite. Hint: look at the image of C(K) in
V', and split V' into (finitely many!) cones s.t. any two points in a given cone have a small angle
between them.
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''The constant 3 /4 appearing below can actually be replaced with \/E /g. For an elliptic curve, we have g = 1, and
so the statement of Vojta’s inequality would be useless in that case. This is good because there exists elliptic curves
with infinitely many rational points.
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