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1. INTRODUCTION

Denote by b the upper half plane in C. Classical modular forms are holomorphic functions
f : b — C that satisfy a functional equation for congruence subgroups of SLy(Z) and a moderate
growth condition. Associated to a classical modular form f is an automorphic function ¢; :
GL2(Q)\ GL2(A) — C. It is fruitful to think of classical modular forms as automorphic functions
¢ on GLg2(A) that give rise to holomorphic functions on the symmetric space h associated to
PGL2(R).

If G is a reductive group over Q for which the symmetric space Xg = G(R)/K associated to G
has the structure of a complex manifold, then one can talk about holomorphic modular forms on
X¢. Equivalently, one can define a special class of automorhpic functions for G that correspond to
these holomorphic modular forms. These special automorphic functions are distinguished among all
automorphic forms. For one, they have a classical Fourier or Fourier-Jacobi expansion with semi-
classical Fourier coefficients; one can extract arithmetic information from the Fourier coefficients
in a way that cannot necessarily be mimicked for general automorphic forms. For another, these
special holomorphic modular forms (or the associated automorphic forms) tend to show up in the
applications of automorphic forms to special values of L-functions.

Suppose now G is reductive Q-group for which the symmetric space X does not have complex
structure. One can ask if there exists a class of automorphic functions on G(A) that can take the
place of the holomorphic modular forms. For example, if G is of Dynkin type Go, Fy or Eg then no
real form of G has a symmetric space with complex structure, so this is a relevant question if you
wish to produce some analogue of classical modular forms to Gy or FEs.

Fortunately, the question as to whether there are good analogues of holomorphic modular forms
appears to have an answer. For certain real forms of the exceptional algebraic Q-groups, such as
split Ga, split Fy, and Eg 4, Gross-Wallach [GW94, (GW96] and Gan-Gross-Savin [GGS02] singled
out a special class automorphic forms on these groups that has the potential to be an analogue of
classical holomorphic modular forms. The groups in question are called the quaternionic exceptional
groups, and we emphasize that their associated symmetric space does not have complex structure.

Let us call the special automorphic forms on these quaternionic exceptional groups the quater-
nionic modular forms. This course is about the quaternionic exceptional groups and the associated
quaternionic modular forms. In particular, I will define these objects and present evidence, largely
from [Pol20a], [Pol20b], [Pol21], that quaternionic modular forms behave like classical holomorphic
modular forms.

2. COURSE OUTLINE

Here is tentative outline of the lectures in this course.

e Lecture 1: How to work with exceptional groups: Cubic norm structures, the Freudenthal
construction, and explicit constructions of the exceptional Lie algebras.
e Lecture 2: Overview: What are the quaternionic exceptional groups. What is the defini-
tion of quaternionic modular forms (QMFs). What is known and not known about QMFs.
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Lecture 3: The Fourier expansion of QMFs: What is it, and how do you prove it. Appli-
cations of the Fourier expansion, such as the fact that cusp forms only have non-degenerate
Fourier coefficients.

Lecture 4: Some special modular forms: Cusp forms on G with algebraic Fourier coeffi-
cients; modular forms (e.g. on E7 and Eg) whose Fourier coefficients bear some relationship
to arithmetic invariant theory.

3. PROJECT OUTLINES

While the course will focus mostly on exceptional groups, it is important to note that the classical

groups

O(4,n) and U(2,n) also support quaternionic modular forms. While the symmetric space

for U(2,n) does have complex structure, the quaternionic modular forms on this group do not
correspond to holomorphic modular forms. The goal of the projects is to develop some of the
theory of QMFs in the setting of the classical group U(2,n).

[GGS02]

[GW94]

[GW96]
[Pol20a]

[Pol20b)]
[Pol21]

Project 1: The first project is to give the precise form of the Fourier expansion of QMFs
on the group U(2,n). The case of U(2,n) was excluded from [Pol20a] because it could
not be handled by the same uniform argument that handled O(4,n) and the quaternionic
exceptional groups. However, a direct argument should yield the form of the Fourier ex-
pansion on these groups. From the Fourier expansion, one should also be able to prove that
cusp forms only have non-degenerate Fourier coefficients, and (from the proof of the Fourier
expansion) produce examples of modular forms via Eisenstein series.

Project 2: The second project is to give an analogue of the Oda-Rallis-Schiffman lift to
U(2,n). The Oda-Rallis-Schiffman lift is a theta lift from holomorphic modular forms f
on SLg or its double cover to holomorphic modular forms 6(f) on the group O(2,n). It
is a very special instance of the general theta lift from symplectic to orthogonal groups,
but in this special case one can write simple formulas for the Fourier coefficients of ()
in terms of those of f. The goal of this project is produce an analogue of this lift from
holomorphic modular forms g on U(1,1) to quaternionic modular forms 6(g) on U(2,n),
and to give simple formulas for the Fourier coefficients of 0(g) in terms of those of g. Note
that this project assumes a successful completion of Project 1, but can mostly be worked on
independently of that project. Also note that it would be a good idea to pay close attention
to Wee Teck Gan’s lectures on the theta correspondence to work on this project.

REFERENCES

Wee Teck Gan, Benedict Gross, and Gordan Savin, Fourier coefficients of modular forms on G2, Duke
Math. J. 115 (2002), no. 1, 105-169. MR 1932327

Benedict H. Gross and Nolan R. Wallach, A distinguished family of unitary representations for the excep-
tional groups of real rank = 4, Lie theory and geometry, Progr. Math., vol. 123, Birkh&user Boston, Boston,
MA, 1994, pp. 289-304. MR 1327538

, On quaternionic discrete series representations, and their continuations, J. Reine Angew. Math.
481 (1996), 73-123. MR 1421947

Aaron Pollack, The Fourier expansion of modular forms on quaternionic exceptional groups, Duke Math. J.
169 (2020), no. 7, 1209-1280. MR 4094735

, The minimal modular form on quaternionic Eg, Jour. Inst. Math. Juss. (accepted) (2020).

, A quaternionic Saito-Kurokawa lift and cusp forms on G2, Algebra Number Theory 15 (2021),
no. 5, 1213-1244. MR 4283102

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA SAN DIEGO, LA JoLLa, CA USA
Email address: apollackQucsd.edu



	1. Introduction
	2. Course Outline
	3. Project outlines
	References

