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Introduction

Lubin-Tate formal groups and their moduli play a surprising number of roles
in mathematics, especially in number theory and algebraic topology. In number
theory, the formal groups were originally used to construct the local class field
theory isomorphism. Many years later a program emerged to use the moduli spaces
to realize the local Langlands correspondence. In algebraic topology, thanks to
Quillen, 1-dimensional commutative formal groups appear in the Adams-Novikov
spectral sequence relating complex cobordism groups to stable homotopy groups,
and through the work of Morava and many others, the Lubin-Tate groups lead to
the “chromatic” picture of homotopy theory.

In both number theory and topology one is interested in the cohomology of
Lubin-Tate spaces, but in number theory, one tends to be interested in something
like the p-adic etale cohomology while in topology it is the coherent (stack) coho-
mology. Because of this the two fields have focused on a different set of fundamental
questions. One goal of this lecture series is to expose aspects of Lubin-Tate spaces
of interest in algebraic topology to a broader audience.

Prerequisites

I will assume the participants are familiar with the notion of a commutative
formal group law and Lazard’s theorems found in §1,3,5,7 of Part II of Adams [1] or
the book of Fröhlich [6]. The Lubin-Tate formal groups are introduced in [21] and
the deformation spaces in [22]. It will help to have read [21] (or Serre’s article [26])
and to have some understanding of [22].

It will also help to know something about the classification of central simple
division algebras over the p-adic rationals Qp. The notes of Serre [25] are very
good.

Much of the material I will present is covered in the papers [9, 10] and [5].
Much of my presentation will follow [5].

There are many other good expositions of this material. The expository notes
notes of Weinstein (http://math.bu.edu/people/jsweinst/FRGLecture.pdf are
excellent.

Further references: [18, 17, 19, 16, 15, 14].
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LECTURE 1

Lubin-Tate spaces

1.1. Overview

A formal group law (really, a commutative 1-dimensional formal group law)
over a ring R is a power series

F (x, y) ∈ R[[x, y]]

satisfying

F (x, y) ≡ x+ y mod (x, y)2

F (x, 0) = F (0, x) = x

F (x, F (y, z)) = F (F (x, y), z)

F (x, y) = F (y, x).

It’s a lot easier to process these identities if one writes

x+
F
y = F (x, y)

in which case they become the

x+
F
y ≡ x+ y mod (x, y)2

x+
F

0 = 0 +
F
x = x

(x+
F
y) +

F
z = x+

F
(y +

F
z)

x+
F
y = y +

F
x.

Example 1.1.1. The additive formal group law Ga is given by

Ga(x, y) = x+ y.

Example 1.1.2. The multiplicative formal group law Gm is given by

Gm(x, y) = x+ y − xy = (1− (1− x)(1− y)).

A homomorphism f : F → G between formal group laws is a power series f(x)
satisfying

f(x+
F
y) = f(x) +

G
f(y).

There is also a notion of a (commutative 1-dimensional) formal group (without
the word “law”) which you should think of as a formal group law, without a choice
of coordinate x. But that’s not quite right. A formal group over R is what you
get on R by (Zariski) descent datum consisting of formal groups and isomorphisms.
The Zariski cotangent space to a formal group law at 0, over a ring R, is the free
R-module (x)/(x)2. The Zariski cotangent space at 0 to a formal group will be rank
1 projective R-module which might not be free. Mostly we will be working over
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8 1. LUBIN-TATE SPACES

local rings so you won’t lose anything by thinking of a formal group as a formal
group law, only without commitment to a given coordinate.

1.2. Height

Here’s a question. Is there a homomorphism from Ga to Gm? Are they iso-
morphic? Over Q-algebras the answer is yes (the map 1−exp(−x) gives an isomor-
phism). It doesn’t look so likely in characteristic p > 0. We will prove that there
is no isomorphism. (We will do better in the next lecture).

Suppose that F and G are formal group laws over a field k of characteristic
p > 0, and f : F → G is a homomorphism.

Lemma 1.2.1. If f ′(0) = 0 there is a unique g with f(x) = g(xp).

Proof: The derivative of f at 0 is zero. Since f is a group homomorphism, this
means that the derivative of f is zero everywhere. �

Remark 1.2.2. If you didn’t like that proof, here it is in formulas. Take the
identity

f(x+
F
y) = f(x) +

G
f(y)

and take the partial with respect to y at y = 0. One gets

f ′(x)∂2F (x, 0) = ∂2G(f(x), 0)f ′(0) = 0,

where ∂2 means “partial with respect to the second variable.” Now

∂2F (x, 0) = 1 + . . .

is a unit in k[[x]] so this means that f ′(x) = 0. The expression ∂2F (x, 0) dx is
important and we will encounter it again later.

Iterating the above we get the following

Proposition 1.2.3. If f : F → G is a non-zero homomorphism of formal group
laws over a field k of characteristic p > 0 there is a unique (g, n) with g(x) ∈ k[[x]]
and 0 < n <∞ with

f(x) = g(xp
n

)

g′(0) 6= 0.

Definition 1.2.4. The height of a non-zero homomorphism f : F → G is the
integer n defined above.

One defines the height of the zero homomorphism to be ∞.

Definition 1.2.5. Let Γ be a formal group law over a field k of characteristic
p > 0. The height of Γ is the height of the homomorphism p : Γ→ Γ.

Example 1.2.6. The height of Ga is ∞ while the height of Gm is 1. It follows
that Ga is not isomorphic to Gm.

Exercise 1.2.1. Show that any homomorphism between Ga and Gm must
have infinite height. (Hint: In the situation of Lemma 1.2.1 show that the map g
must also be a homomorphism.)
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1.3. Deformations of formal groups

Let Γ be a formal group over a perfect field k, and B a local ring, with nilpotent
maximal ideal m. It will be convenient to write r : B → B/m for the quotient map.

Definition 1.3.1. A deformation of Γ to B is a triple (G, i, f) with G a for-
mal group over B, i : k → B/m a ring homomorphism, and f : r∗B → i∗Γ an
isomorphism.

The collection of deformations of Γ to B forms a groupoid DeformΓ(B) in
which an isomorphism t from (G, i, f) to (G′, i′, f ′) exists only if i = i′, in which
case it is isomorphism t : G→ G′ making the diagram

r∗G
r∗ //

f

��

r∗G′

f ′

��
i∗Γ =

// i∗Γ

commute.
While it is sensible to regard B 7→ DeformΓ(B) as a sheaf of groupoids (ie a

stack) in the B variable, it turns out that DeformΓ(B) is codiscrete in the sense
that there is at most one map between any two objects. This is a consequence of
the following result, whose proof is left as an exercise.

Proposition 1.3.2. Suppose that B is a local ring with nilpotent maximal ideal
m, and B/m has characteristic p > 0. Write r : B → B/m for the quotient map.
Suppose that G1 and G2 are two formal group laws over B and that r∗G1 and r∗G2

have finite height. Show that if f, g : G1 → G2 are two homomorphisms having the
property that r∗f = r∗g then f = g.

Exercise 1.3.1. Prove Proposition 1.3.2. (I’ll add some guidance later.)

This means we might as well replace the groupoid DeformΓ(B) with the equiv-
alent groupoid π0 DeformΓ(B) consisting of the set isomorphism classes of objects
of DeformΓ(B), with no non-identity maps.

Write W for the ring of Witt vectors of k.

Theorem 1.3.3 (Lubin-Tate). Suppose that Γ is a formal group of height n.
The functor π0 DeformΓ(− ) is representable. More specifically, there is a defor-
mation (Guniv, iuniv, funiv) over the ring W[[u1, . . . , un−1]] having the property that
if (G, i, f) ∈ DeformΓ(B) is any deformation, there is a unique ring homomor-
phism φ : W[[u1, . . . , un−1]] → B with the property that φ∗(Guniv, iuniv, funiv) is
isomorphic to (G, i, f).

Remark 1.3.4. Strictly speaking the local ring W[[u1, . . . , un−1]] is not an al-
lowed B since the maximal ideal m = (p, u1, . . . , un−1) is not nilpotent. One can
remedy this by either working with pro-nilpotent local rings, or just agreeing to
extend the definition of “representable” to allow for this situation.

The ring W[[u1, . . . , un−1]] is called the Lubin-Tate ring, and the associated
formal scheme is called Lubin-Tate space. As described above, Lubin-Tate space
represents the functor isomorphisim classes of deformations of Γ.

We now turn to the functorial dependence of DeformΓ(B).
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Proposition 1.3.5. Two formal groups Γ and Γ′ over an algebraically closed
field k of characteristic p > 0 are isomorphic if and only if they have the same
height.

Because of this result, we might as well suppose that k is the algebraic closure
of Fp and that we’ve picked just one Γ. Then the only thing left to understand is the
structure of the automorphism group Aut(Γ) and its action on W[[u1, . . . , un−1]].
In the algebraic topology the group Aut(Γ) is written

Sn = Aut(Γ)

and called the Morava stabilizer group. The structure on Aut(Γ) is well understood,
and will be explained in the next lecture. Let me give a presentation now, just to
make things specific.

Write Zpn for the ring of Witt vectors of the field Fpn with pn elements. There
is a unique ring homomorphism (Frobenius)

φ : Zpn → Zpn

having the property that for all x, φ(x) ≡ xp mod p. From time to time it will be
a bit more convenient to write xφ for φ(x). Let F ∈ Gln(Zpn) be the matrix

Π =


0 0 . . . 0 p
1 0 . . . 0 0
0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0


The proof of the following result will be given in the next lecture.

Proposition 1.3.6. The group Sn is isomorphic to the subgroup of Gln(Zpn)
consisting of matrices A satisfying

Π ·A = Aφ ·Π.

Evidently the group Sn acts on the Lubin-Tate ring E0 = W[[u1, . . . , un−1]].
The basic questions that will concern us in these lectures are the following.

Question 1.3.7. Can one explicitly describe the action of Sn on E0?

Question 1.3.8. What are the cohomology groups H∗(Sn;E0)?

Question 1.3.9. What is the group of Sn equivariant line bundle on Spf E0?

The reasons these are interesting and the approaches one can make on these
problems will be spelled out over the course of these lectures and in the projects.
For today I want to explain the basic construction of the Lubin-Tate group, and
the proof of Theorem 1.3.3.

1.4. Formal complex multiplication in local fields

Lubin and Tate wrote two papers [21, 22] introducing what subsequently be-
came known as the Lubin-Tate formal group laws and Lubin-Tate space. In [21]
they gave a construction of the maximal ramified abelian extension of a local field,
providing a new construction of part of the local class field theory isomorphism.
Their work generalized the theorem of Kronecker-Weber that the abelian exten-
sions of Q are contained in cyclotomic fields. I’m assuming you are familiar with
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the Lubin-Tate paper, but as we will need some details of their construction it’s
worth reviewing them here.

Let’s recall the setup. Suppose that K is a complete local field, with ring of
integers O ⊂ K. Let π ∈ O be a uniformizer, so that (π) ⊂ A is the maximal ideal.
We also assume that the residue field k = A/(π) is finite, of order q = pn for a
prime p. For the moment let

f(x) = xq + π x,

and let f (n)(x) be the n-fold composition

f(f(· · · (f(x)))).

Lubin and Tate showed that the field obtained from K by adjoining the roots of
fn(x) is an abelian extension with Galois group A/(πn)×.

Their idea was to show that there is a 1-parameter formal group law F over
O, with endomorphism ring A and in which f (n) is the power series representing
“multiplication by pn.” Following Lubin and Tate, let Fπ be the set of formal power
series f(x) ∈ O[[x]] satisfying

f(x) = πx+O(x)2

f(x) ≡ xq mod π.

Given f ∈ Fπ Lubin and Tate constructed a formal group law F (x, y) with a map

[− ] : A→ End(F )

having the property that [π](x) = f(x).

Lemma 1.4.1. Suppose that L(x1, . . . , xn) = a1x1 + · · · + anxn is any linear
form in n-variables x1, . . . , xn. There is a unique formal power series F (x1, . . . , xn)
with

(1.4.2) F (x1, . . . , xn) ≡ L(x1, . . . , xn) mod deg 2

and which commutes with f in the sense that

(1.4.3) F (f(x1), . . . , f(xn)) = f(F (x1, . . . , xn)).

Proof: Suppose F is any power series satisfying (1.4.2) and satisfying (1.4.3)
modulo degree m > 1. By assumption

f(F (x1, . . . , xn))− F (f(x1), . . . , f(xn)) ≡ 0 mod (π)

we have

f(F (x))− F (f(x)) = πg(x) +O(x)m+1.

with for some homogeneous polynomial g of degree m. If h(x1, . . . , xn) is homoge-
neous of degree m then

f(F + h) ≡ f(F ) + hf ′(0) mod deg(m+ 1)

≡ f(F ) + hπ mod deg(m+ 1)

and

(1.4.4) (F + h)(f) ≡ F (f) + πmh(x1, . . . , xn) mod deg(m+ 1).
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This means that

(F + h)(f)− (f)(F + h) = π(πm−1 − 1)h− πg mod deg(m+ 1).

Since m > 1 there is a unique h for which

(F + h)(f)− (f)(F + h) ≡ 0 mod deg(m+ 1).

The claim follows easily from this. �

One gets a lot from this result. Taking L(x, y) = x+ y one constructs a unique
powerseries

F (x, y) = xy
+

satisfying F (f(x), f(y)) = f(F (x, y), or

f(x+
F
y) = f(x) +

F
f(y).

Again, using the lemma one finds that this defines a commutative one dimensional
formal group law F . For each a ∈ A there is a unique power series

[a](x) = ax+ . . .

satisfying

f([a](x)) = [a](f(x)).

This series automatically satisfies

[a](x+
F
y) = [a](x) +

F
[a](y)

so that a 7→ [a](x) defines a ring homomorphism

A→ End(F ).

This makes F into a formal A-module over A in the sense of the definition below.

Definition 1.4.5. Suppose that φ : A → R is a ring homomorphism from a
not necessarily commutative ring A to a commutative ring R. A formal A-module
is a formal group law F over R, equipped with a ring homomorphism

A→ End(F )

a 7→ [a](x)

having the property that

[a](x) ≡ φ(a)x mod deg 2.

This situation is also described by saying that F has complex multiplication by
A.

Using an obvious generalization of Lemma 1.4.1 one can also show that the
formal group laws Ff1 and Ff2 are isomorphic (by a unique isomorphism with de-
rivative 1 at 0) for any f1, f2 ∈ Fπ, and furthermore that the group is independent
of the choice of π. The resulting formal group is often called the Lubin-Tate group,
however the term “Lubin-Tate” group is more commonly used to describe the in-
duced formal group Γ over k = A/(π).

Definition 1.4.6. The Lubin-Tate formal group is the formal group Γ obtained
by reducing any choice of Ff modulo (π).

The formal group Γ is unique up to (non-unique) isomorphism.
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1.5. Formal moduli for one-parameter formal Lie groups

In their second paper, Lubin and Tate turned to the question of describing
deformations of the formal group Γ, and defined the famous Lubin-Tate spaces.

First note that the set of deformations is non-empty and in fact has a canonical
element, namely the Lubin-Tate lift constructed in the previous section. To classify
lifts it therefore suffices to find a means of comparing two different lifts. For this on
proceeds by working modulo successive powers of m. Fix k > 1 and suppose that
we have two formal group laws F (x, y), G(x, y) ∈ B/mk+1[[x, y]] with

F (x, y) ≡ G(x, y) mod mk.

We study the difference by writing

G(x, y) = x+
F
y +
F
h(x, y)

for h(x, y) ∈ mk/mk+1[[x, y]]. The commutativity of G gives the identity

h(x, y) = h(y, x).

Next we get an identity on h from the associativity law

G(x, y +
G
z) = G(x+

G
y, z).

Since

G(x, y +
G
z) = x+

F
(y +

G
z) +

F
h(x, y +

G
z) = x+

F
(y +

F
z +
F
h(y, z)) +

F
h(x, y +

G
z)

and

G(x+
G
y, z) = (x+

G
y) +

F
z +
F
h(x+

G
y, z) = (x+

F
y +
F
h(x, y)) +

F
z +
F
h(x, y +

G
z).

Using the associativity law, and formal “F” subtraction, one gets

h(y, z) +
F
h(x+

G
y, z) = h(x, y) +

F
h(x, y +

G
z).

This can be simplified a little but not a lot. Since the product of any two h(− , − )
terms is zero the +

F
can be replaced by +. Also the terms s and t in h(s, t) depend

only on their values modulo m. This means that +
G

may be replaced by +
Γ

, So the

condition in h(x, y) may be written

h(y, z)− h(x+
Γ
y, z) + h(x, y +

Γ
z)− h(x, y) = 0.

Put differently, h is a symmetric 2-cocycle on Γ with values in mn.
Suppose that F and G are isomorphic, by an isomorphism φ reducing to the

identity modulo mm. This means that φ(x) satisfies

φ(x+
F
y) = φ(x) +

G
φ(y),

and so

φ(x+
G
y) = φ(x+

F
y +
F
h(x, y))

= φ(x) +
G
φ(y) +

G
φ(h(x, y)).

Since φ(x) ≡ x+ · · · , using the above considerations we can rewrite this as

h(x, y) = φ(x+
Γ
y)− φ(x)− φ(y).
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So if we declare F and G to be “isomorphic” if they are isomorphic by an iso-
morphism reducing to the identity modulo mm then we have found that the set of
isomorphism classes of “lifts” of G from B/mmto B/mm+1 is given by

H2
sym(Γ;mm/mm+1) ≈ H2(Γ; k)sym ⊗mm/mm+1.

I will fill in the proof of the next result later.

Proposition 1.5.1. If Γ has height n, the group H2
sym(Γ; k) has rank n− 1.

Using Proposition 1.5.1, Lubin and Tate then derive the following easy corollary.

Proposition 1.5.2. Let G be a formal group law over W[[u1, . . . , un−1]] de-
forming Γ. The group G is a universal deformation if

x+
G
y = x+ y + u1Cp(x, y) + · · ·+ un−1Cpn−1(x, y) + Cpn(x, y) mod m2.

What remains of the proof of Theorem 1.3.3 is the construction of a formal
group law G satisfying the criterion of Proposition 1.5.2. There are many ap-
proaches to this and in one way or another this construction is a key to under-
standing Question 1.3.7.

1.6. Deformations a la Kodaira-Spencer

Working with a formula based approach is convenient for making computations
and making new progress. However it opens the door to a lot of unintended choices,
and it is useful to know how things look from a completely conceptual point of view.
Think of it as the analogue of writing down a model in physics. You can get a good
idea what a formula has to look like by thinking about what has to happen for the
physical units to work out.

There are a lot of ways of getting to the general “deformation theory” picture.
Here I’ll describe the one I find easiest to remember. Suppose you have a family
p : E → B of something. By family I might mean a locally trivial bundle, and
everything needs to be appropriately smooth. In the classic example p is a family
of Riemann surfaces over B. The derivative of p is a map of tangent bundles

dp : TE → TB.

Now pick a point b ∈ B. For each tangent vector v ∈ TbB the object dp−1(b, v) is
some kind of object related to p−1(b). The Kodaira-Spencer map is the map

TbB → {whatever classifies dp−1(b, v)}.

That was kind of vague, so let me go through a couple of examples.

Example 1.6.1. Suppose that E → B is a family of Riemann surfaces (smooth
projective algebraic curves.) Then p−1(b) is a specific curve Σ, and dp−1(b, 0) is the
tangent TΣ to Σ. So what is dp−1(b, v)? Well, if you have a linear map W → V ,
the inverse image of v is a torsor for the inverse image of 0. So dp−1(b, v) is a torsor
for TΣ, and is classfied by an element of H1(Σ;TΣ). This gives a map

TbB → H1(Σ;TΣ).

This is the Kodaira-Spencer map, and one expects it to be an isomorphism when
B is the universal family.
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Example 1.6.2. How does this work out in the case of Lubin-Tate space? In
this case we imagine a family of formal groups p : E → B with p−1(b) = Γ. In
case v = 0, the group p−1(b, v) is the tangent bundle to Γ which sits in an exact
sequence

0→ Lie Γ→ E → Γ→ 0.

This sequence splits by the choice of “0” in each tangent space. When v is not zero
there is no longer a canonical choice of splitting, and you get a commutative group
extension of Γ by Lie Γ. Such group extensions are classified by H2(Γ; Lie Γ). This
gives a map

Tb(B)→ H2(Γ; Lie Γ)

which, as Lubin-Tate showed, is an isomorphism in case B is Lubin-Tate space.
This is important for getting explicit formulas, as we will see later. To summarize,
the Kodaira-Spencer map exhibits an isomorphism

(m/m2)∗ ≈ H2(Γ; Lie Γ)

where m ⊂ E0 is the maximal ideal, and (− )∗ indicates vector space dual.





LECTURE 2

Toward explicit formulas

2.1. Differentials and the log

The Lubin-Tate construction gives a terrific way of constructing formal group
laws. However it isn’t always the best way of getting explicit formulas. Often it is
easier to work with the “logarithm” of the formal group.

Exercise 2.1.1. Suppose that A is a Q-algebra and F is a formal group law
over A. There is a unique power series logF (x) with the properties

d logF (0) = 1

logF (x+
F
y) = logF (x) + logF (y).

To do this exercise you work modulo succesive powers of x and use the sym-
metric 2-cocycle lemma. The function logF (x) is the unique isomorphism of F with
the additive formal group law having derivative 1 at 0.

Write expF (y) for the inverse function of logF (x). Then one has

(2.1.1) x+
F
y = expF (logF (x) + logF (y)).

Most of the time it is easier to work with the log of a formal group law than it is
to work with the coefficients of F (x, y).

The expression “log of a formal group law” is used for lots of things. If F is a
formal group law over a torsion free ring A, then F has a log over A⊗Q

(2.1.2) x+m1x+ · · ·+mnx
n+1 + · · · ∈ A⊗Q[[x]].

This is also called the “log” of F . Given an arbitrary power series

logF (x) ∈ A⊗Q[[x]]

the formal group law defined by (2.1.1) may or may not be defined over A. There
are, however, some cool conditions that guarantee that it is. I will hopefully get to
some of them in a later version of this lecture. At any rate the question isn’t really
as hard as it looks at first blush.

For any ring A one can find a torsion free ring Ã and a surjective map Ã→ A.
By Lazard’s theorem, the formal group law F over A can be lifted to a formal group
law F̃ over Ã. The formal group law F̃ has a log over Ã⊗Q which is often called
the log of F (or the “log of a lift.”).

Let’s return to the situation of a formal group law F over a torsion free ring
A, and write

logF (x) = x+m1x
2 + · · ·+mnx

n+1 + . . . .

Even though logF (x) does not necessarily have coefficients in A, the form

(2.1.3) d logF (x) = (1 + 2m1x+ · · ·+ (n+ 1)mnx
n + . . . ) dx

17
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actually does. Why is that? If we think if logF (x) has a map

F → Ga

(given by y = logF (x)) then the 1-form (2.1.3) is the pullback along the log of
the 1-form dy. Now dy can be characterized uniquely. It is the unique translation
invariant 1-form whose value at 0 is dy. This has to pull back to the unique
translation invariant 1-form on F whose value at 0 is dx. Since we’ve described it
without mentioning A⊗Q it must be defined over A.

There are two good ways to get a formula for the log of F . One is to start with
the equation

logF (x+
F
y) = logF (x) + logF (y)

and take the partial with respect to y at y = 0. One gets

log′F (x)∂2(F (x, 0)) = 1

or

d logF (x) =
dx

∂2F (x, 0)

where ∂2 means “take the derivative with respect to the second variable.” This
is kind of a cool formula. The expression on the right is a formula for the invari-
ant differential on F and is meant to remind you of the formula for the invariant
differential on an elliptic curve.

You can also derive the formula for the invariant differential in the usual way.
Suppose it is g(x) dx. The condition that g(x) dx be invariant is that for every
constant t

g(t+
F
x)d(t+

F
x) = g(t) dt

or

g(t+
F
x)F2(t, x) = g(t).

Setting t = 0 one gets

g(x)F2(0, x) = g(0) = 1.

One can translate the Lubin-Tate criterion of Proposition 1.5.2 into a statement
about the log.

Proposition 2.1.4. Let G be a formal group law over W[[u1, . . . , un−1]] de-
forming Γ and write

logG(x) =
∑

bnx
n+1,

with bn ∈ Q ⊗W[[u1, . . . , un−1]]. The group G is a universal deformation if for
i < n,

pbpi ≡ ui mod (u1, . . . , un−1)2

and

pbn ≡ u mod (u1, . . . , un−1)2 u ∈ E×0 .
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2.2. p-typical coordinates

Let’s go back to the case of a torsion free ring A and a power series

(2.2.1) f(x) =
∑

anx
n ∈ (A⊗Q)[[x]].

It turns out that if (2.2.1) is the log of a formal group law F over a p-local ring A,
then so is

(2.2.2) g(y) =
∑

bny
pn

where bn = apn . This seems somewhat surprising and hard to prove if you take it
on directly. The trick is to find a substitution y = x + · · · ∈ A[[x]] and show that
the log of F , expressed in the coordinate y is given by (2.2.2).

Definition 2.2.3. Suppose that F is a formal group law over a ring A. A
curve on F is a power series γ(x) ∈ A[[x]], with γ(0) = 0. The set of curves on F
forms a group under the operation

γ1(x) +
F
γ2(x).

Remark 2.2.4. In the language of formal geometry, a curve on F is a map of
formal schemes

A1 → F.

Exercise 2.2.1. Show that if A is a p-local ring, then the group of curves on
A is a Z(p)-module.

There are operations that take curves to curves. The nth Vershiebung operator
is the operator defined by

(Vnγ)(x) = γ(xn)

and the nth Frobenius operator is given, formally as

Fn(γ(x)) =
∑F

γ(ζix1/n)

in which ζ is a primitive nth root of unity and i is running from 0 to (n− 1).

Example 2.2.5. If F is the additive group and

γ(x) =
∑

anx
n

then

(V`γ)(x) =
∑

anx
`n

(F`γ)(x) =
∑

`an`x
n.

Note that if A is p-local, and (`, p) = 1 then one can form the operator

ε` = 1− 1

`
V`F`.

In the case of the additive group one has

ε`
(∑

anx
n) =

∑
(n,`)=1

anx
n.
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From this one can check that ε` is a projection operator. Now let π be the compo-
sition of all of the projection operators ε` for primes ` 6= p. Then in the additive
group

π
(∑

anx
n
)

=
∑

apnx
pn .

It follows that if we take γ(x) = x then y = πγ is the desired new coordinate.

Definition 2.2.6. A curve γ is p-typical if for all (`, p) = 1, F`γ = 0.

Remark 2.2.7. When A is p-local a curve γ is p-typical if and only if ε`γ = γ.

Definition 2.2.8. A curve γ(x) on F is a coordinate if γ′(0) is a unit in A.

We have shown that every formal group over a p-local ring has a p-typical
coordinate. Unless otherwise stated, we will restrict our attention to p-typical
formal group laws.

2.3. Hazewinkel’s functional equation lemma

Building on work of Honda and others, on the functional equation satisfied by
the logarithm of many formal group laws, Hazewinkel abstracted a general lemma
saying that a power series satisfying a suitable functional equation was the log of a
formal group. The proof is one of those “Frobenius contraction” arguments.

Before turning to the general result, let me give you an example. Consider the
series

`(x) = x+
xp

p
+ · · · x

pn

pn
+ · · · .

It turns out that this is the log of a formal group law defined over Z(p). How
can we tell that? One way is to try and work out the height. Suppose that the
multiplication by p map is

[p](x) = a1x+ a2x
2 + · · · .

Then from the identity

`([p](x)) = p`(x)

one works out that

a1 = p

ai = 0 1 < i < p

ap = (1− pp−1) ≡ 1 mod p.

So if it is the log of a formal group its reduction has height 1 and by the Lubin-Tate
theorem it isomorphic to the multiplicative formal group law. So to show that it
defines a formal group law over Z(p) is equivalent to showing that

exp(`(x))

has coefficients in Zp. Now this is a classic result. This series is called the “Artin-
Hasse” exponential. To prove it has integer coefficents one can observe it is the
series gotten from the standard coordinate on the multiplicative group using the
projection operator of §2.2. Alternatively one can use the following cool lemma of
Dwork.
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Lemma 2.3.1. A power series

f(x) ∈ Q[[x]]

with f(0) = 1 has coefficients in Z(p)[[x]] if and only if

f(xp)/f(x)p

is in 1 + pZ(p)[[x]].

Proof: The only if direction is obvious from Fermat’s little theorem. The if
direction is by induction on n. Write f(x) = 1+a1x+ . . . and suppose by induction
we have shown that ai ∈ Z(p) for i < n. Write

f̃(x) =
∑
i<n

aix
i

so that f(x) = f̃(x) + anx
n + · · · . Then

f(x)p/f(xp) = f̃(x)p/f̃(xp) + panx
n +O[x]n+1.

By the only if direction f̃(x)p/f̃(xp) is in 1+pZ(p)[[x]] and by assumption the entire
expression is as well. This means that pan ∈ pZ(p) and so an ∈ Zp. �

Using Dwork’s Lemma it’s easy to show that exp(`(x)) has coefficients in Z(p)

and so `(x) is the log of a formal group over Z(p), and it is isomorphic to the
multiplicative formal group. The key thing here was that

p`(x)− `(xp) = px

or that `(x) satisfied the functional equation

`(x) = x+
1

p
`(xp).

Hazewinkel’s general result implies that under suitable circumstances, a power
series f(x) satisfying a functional equation of the form

`(x) = g(x) +
s1

p
`φ(xp) +

s2

p
`φ

2

(xp
2

) + · · ·

will define a formal group law over a reasonable ring.
Here is the setup. We have a pair of rings A ⊂ L. For the moment picture that

A is the ring of integers in a p-adic field L. We have an ideal I ⊂ A which you can
think of as the maximal ideal, but the only thing we really ask is that p is in I.
We assume we have a “lift of (a power of) Frobenius” which will mean a choice of
a fixed power q of p, and ring automorphism

φ : L→ L

that restricts to an automorphism φ : A→ A, having the property that

φ(a) ≡ aq mod I.

Finally we have parameters si ∈ L whose denominators are bounded in the sense
that they satisfy

φr(si)I ⊂ A
for all i and r. In this situation one has
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Theorem 2.3.2 (Hazewinkel). Fix a power series g(x) ∈ A[[x]] with g′(0) ∈ A×,
and let f(x) be the power series defined recursively by the functional equation

f(x) = g(x) + s1f
φ(xp) + · · · sifφ

i

(xp
i

) + · · ·

where fφ is the power series obtained by applying the map φ to the coefficients of
f . In this situation the power series

f−1(f(x) + f(y))

has coefficients in A and so f(x) is the log of a formal group law over A.

There are several other aspects to the functional equation lemma which are
useful. The next result asserts that the formal group you get this way depends only
on the parameters si and not on g.

Theorem 2.3.3. In the situation of Theorem 2.3.3, suppose f and f̃ are defined
from the data (g, si) and (g̃, si) respectively. Then the power series f−1(f̃(x)) has
coefficients in A and so gives an isomorphism of the formal group F(g,si) and F(g̃,si).

2.4. The Hazewinkel parameters

Consider the ring A = Zp[v1, v2, . . . ] with I = (p) and φ(vi) = vpi . Then the
series f(x) defined by the functional equation

f(x) = x+
∑ vi

p
fφ

i

(xp
i

)

is the log of a formal group over A. If one writes

f(x) =
∑

mnx
pn

then from the functional equation one gets the recursive relation

mn =
v1

p
mφ
n−1 + · · ·+ vn−1

p
mφn−1

1 +
vn
p
.

It’s not hard to expand this out and get a complete expression for mn as a polyno-
mial in the vi with coefficients in 1

pZ. The first few terms are

m1 =
v1

p

m2 =
v2

p
+
v1+p

1

p2

m3 =
v3

p
+
v1v

p
2

p2
+
v2v

p2

1

p2
+
v1+p+p2

1

p3

mn =
∑

i1+···+ik=n

vi1v
pi1

i2
· · · vp

11+i2+···+ik−1

ik

pk

The above formula formula defines parameters vn for any formal group law.
The vn are called the Hazewinkel parameters (or “generators”) and one has the
following result

Proposition 2.4.1. Suppose that A is a Z(p)-algebra. A p-typical series

f(x) =
∑

mnx
pn
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is the log of a formal group law over A if and only if the Hazewinkel parameters vn
are in A for all n. �

This result can be derived from Lazard’s theorem, and the result of §2.2.
Hazewinkel’s result gives a formal group law over

Z(p)[v1, . . . , ].

One way of constructing the Lubin-Tate universal deformation is to change
base along the map

Z(p)[v1, . . . , ]→W[[u1, . . . , un−1]]

defined by

vi 7→


ui i < n

1 i = n

0 i > n.

2.5. Dieudonné modules

There is a really great way of understanding formal groups over a perfect field
k. Let’s start with the mechanics of the Dieudonné theory and get to the “the-
ory” part of the theory later. A word of warning. I’m going to talk about the
covariant Dieudonné module. There are various reasons why it isn’t as good as the
contraviariant Dieudonné theory, but it’s also got some advantages. I’ll try and lay
out the relative merits a bit later.

Let k be a perfect field of characteristic p > 0 and write FGLk for the category
of commutative formal groups of finite dimension over k and homomorphisms. I
could have said formal group laws over k and gotten an equivalent category. The
Dieudonné theory gives an equivalence of FGLk with a category easily described
in the language of linear algebra.

Let W be the ring of Witt vectors of k,

φ : W→W

a 7→ aφ

the Frobenius automorphism. Let Dieudbig
k be the category of left W modules M

equipped with abelian group homomorphisms

F, V : M →M

satisfying

F (am) = aφF (m) a ∈W

V (aφm) = aV (m) a ∈W
FV = V F = p.

(and W-linear maps compatible with F and V ). Let Dieudk ⊂ Dieudbig
k be the

full subcategory of modules M satisfying the following conditions

i) M is free of finite rank over W

ii) The map M → lim←−M/V jM is an isomorphism.



24 2. TOWARD EXPLICIT FORMULAS

Remark 2.5.1. The assumptions imply that for each j, the map V j : M/VM →
V jM/V j+1M is an isomorphism. The map is obviously surjective. To see that it
is injective, suppose that V jγ = V j+1η. Multiply both sides by F j to get

pj(γ − V η) = 0.

Since we have assumed that M is p-torsion free this means that γ = V η.

The Dieudonné theory provides an equivalence of categories between FGLk
and Dieudk. Let’s just assume this for the moment and work out a few things.
Suppose that M ∈ Dieudk is a Dieudonné module. The properties of M imply
that M/VM naturally has the structure of a k-vector space.

Definition 2.5.2. The height of a Dieudonné module is the rank of M over
W. The dimension of M is the dimension dimkM/VM .

Under the equivalece of categories, the height and dimension of a Dieudonné
module correspond to the height and dimension of the corresponding formal group.

When working with the covariant Dieudonné theory, the elements of M are
called p-typical curves or just curves for short. A coordinate system on M is an
ordered set (γ1, . . . , γm) ⊂ M of curves whose image in M/VM form a k-basis.
Coordinate systems on M correspond to (p-typical) coordinate systems on the cor-
responding formal group law. It follows that what we have been studying, (p-
typical) formal group laws of dimension 1 over k correspond to Dieudonne modules
M equipped with a choice of curve γ ∈ M with the property that the image of γ
in M/VM generates M/VM as a k-vector space.

Exercise 2.5.1. Show that if k is algebraically closed, two Dieudonné modules
of the same height and dimension are isomorphic. If this seems hard just try it in
the case of dimension 1. The case of dimension 1 gives a proof of Proposition 1.3.5.

Example 2.5.3. LetMn be the Dieudonné module with basis {γ, V γ, · · · , V n−1γ}
and Fγ = V n−1γ. You can check that this defines a Dieudonné module of dimen-
sion 1 and height n. Under the equivalence of categories, this is the Dieudonné
module corresponding to the formal group law Γ.

Exercise 2.5.2. Choose integers a, b > 0 with (a, b) = 1. Show that there
is a free Dieudonné module Ma,b generated by a curve γ subject to the relation
F aγ = V bγ. What are the dimension and height of Ma,b?

Under the Dieudonné correspondence the Lubin-Tate formal group Γ corresonds
to Mn. Using the equivalence we can easily determine the endomorphism ring of
Γ, as well as the automorphism group of Γ. Let’s do that.

We will suppose for convenience that k is algebraically closed. Obviously any
endomorphism is determined by where the generator γ goes. So suppose

γ 7→ a1γ + · · ·+ anV
n−1γ.

Using the fact that φ is an isomorphism (since k was assumed to be perfect) we
can apply the relation V n = p to both sides and get

pγ 7→ paφ
−n

1 γ + · · · paφ
−n

n V n−1γ

from which we conclude that

aφ
n

i = ai.
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I claim that is the only condition. We’re supposed to check that our map is com-
patible with the relation Fγ = V n−1γ, but this is now automatic:

Fγ 7→ F (a1γ + · · ·+ anV
n−1γ)

= aφ1V
n−1γ + · · ·+ aφi V

i−1+(n−1)γ + · · ·

V n−1γ 7→ V n−1(
∑

aiV
i−1γ)

=
∑

aφ
−(n−1)

i V i−1+n−1γ

=
∑

aiφV
i−1+n−1γ.

Writing the above out in matrix form gives the computation described in Propo-
sition 1.3.6.

Remark 2.5.4. The automorphism denoted Π in Proposition 1.3.6 is usually
called F , but this get’s kind of confusing because of the operator F . The operator
F acts on the right of M and is φ-linear. The automorphism Π is W -linear and
you can think of it as acting on the right. The matrix for Π looks a lot like the one
for V but the operator V is φ−1 linear.

There is another useful way to describe this endomorphism ring. Let T : M →
M be the map sending γ to V γ. (Usually T is called F ). One can check that
End(M) is isomorphic to the algebra of not quite commutative power series

W〈T 〉/(Ta = aφT, Tn = p).

This is the maximal order in the division algebra D = Dn with Hasse invariant 1
n .

It’s a little more professional to write it as OD and state Proposition 1.3.6 as an
isomorphism Sn = O×D.

It’s easy to check that every non-zero endomorphism of Mn divides a power of
p, so that Q⊗ End(Mn) is a central simple division algebra over Qp.

Exercise 2.5.3. Show that the Hasse invariant of this division algebra is 1
n .

More generally show that Q⊗ End(Ma,b) is a central simple division algebra with
Hasse invariant a

a+b .

2.6. Dieudonné modules and logarithms

Here’s a question. How can we get our hands on the formal group law associated
to a Dieudonné module M equipped with a coordinate γ? Here is how Choose a
W-linear homomorphism T : M →W having the property that

T (γ) = 1.

Proposition 2.6.1. The power series

`(x) =
∑

T (Fnγ)
xp

n

pn
∈W[[x]]

is the log of a formal group law over W.

The formal group law associated to M is the reduction of this formal group law
to k = W/p.

We will talk about ways to prove Proposition 2.6.1. One is to try and get
it from the Lubin-Tate argument and the other is to use Hazewinkel’s Functional
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Equation Lemma (Theorem 2.3.2). Except in special cases these methods aren’t
totally straightforward. We will deduce it from another result below.

2.7. Tapis de Cartier

Cartier showed [4] that in fact the above construction gives bijection between
the set of equivalence class of lifts of Γ and a suitable set of lifts

W

��
M

T

>>

// k .

in which the bottom map is the reduction M/VM followed by a choice of isomor-
phism of k-vector spaces M/VM ≈ k. Let me state this more formally.

Theorem 2.7.1 (Tapis de Cartier). Suppose that Γ is a formal group law over
k of dimension 1 and height n < ∞ and let M be the Diedonné module of Γ. Let
γ ∈ M − VM be a p-typical coordinate, and write ε : M → k for the unique map
satisfying

ε(VM) = 0

ε(γ) = 1.

The formula of Proposition 2.6.1 gives a bijection between the set of isomorphism
classes of lifts of Γ to W and the set of W-linear homomorphism

T : M →W

with T (γ) = 1.

We will give a proof of both Proposition 2.6.1 and Theorem 2.7.1 below. But
let’s just go along a bit and believe in the two statements. The proof will kind of
pop out of that.

In principle Theorem 2.7.1 should allow us to get a good description of the
Lubin-Tate ring. It tells us that the lifts to W correspond to suitable ring ho-
momorphisms Sym(M) → W, and this suggests that there is some relationship
between Sym(M) and the Lubin-Tate ring E0. That would be a good thing, as
it’s easy to understand how Sn acts on Sym(M). There are a lot of little things
to straighten out, but once we get that done we will see that there is indeed such
a relation, and it can be described geometrically in terms of the crystalline period
mapping.

Let’s try and directly make this work. We will take M = Mn and give it the
basis {γ, V γ, . . . , V n−1γ}. Our map ε : M → k is the one sending γ to 1 and V iγ
to 0 for i > 0. Let’s define variable w and wwi on the space of lifts T by

w(T ) = T (γ)

wi(T ) = T (V iγ)/T (γ) i = 1, . . . , n− 1.

By Proposition 2.6.1 the log of the lift corresponding to T is

log(x) = w`(x) +
ww1

p
`(xp) + · · ·+ wwn−1

p
`(xp

n−1

)
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where

`(x) =
∑
k≥0

xp
nk

pk
.

The element w will be invertible, so changing the coordinate on the additive group
we could write the log as

(2.7.2) f(x) = `(x) +
w1

p
`(xp) + · · ·+ wn−1

p
`(xp

n−1

).

Now this looks promising. This series certainly satisfies the criterion of Proposi-
tion 2.1.4. If it worked out to be the log of a formal group law over W[[w1, . . . , wn−1]]
we would have succeeded in writing down the universal deformation in a manner
well related to the action of Sn. Promising as it looks, it doesn’t work. You can
check this yourself by trying to work out the Hazewinkel parameters. You get

w1 = pm1 = v1

w2 = pm2 = v2 +m1v
p
1 = v2 +

v1+p
1

p
,

and you see that v1+p
1 has to be divisible by p.

All is not lost though. The expression looks a lot like it would work if we could
use Hazewinkel’s functional equation lemma. In fact if we set φ(wi) = 0 for all i
then f(x) satisfies the functional equation

f(x) = x+
w1

p
fφ(xp) + · · ·+ wn−1

p
fφ

pn−1

(xp
n−1

) +
1

p
fφ

pn

(xp
n

).

Now why aren’t we allowed to do this? We have to specify and ideal I ⊂ R
containing p with the properties that

φ(x) ≡ xp mod I

and among other things having the property that

φj(wi/p)I ⊂ R
φj(1/p)I ⊂ R.

This last condition means that I is contained in pR, so we must have I = (p). So
the only way this can work is if for all i, wpi ∈ pR. But this isn’t quite enough. If
x = φ(wpi )/p is in R then xp must also be divisible by p. If you think this through
a bit you’ll come to the conclusion that this will work if the ideal (w1, . . . , wn−1)
has divided powers. So let

W〈〈w1, . . . , wn−1〉〉
be the “divided power completion” of the complete local ring W[[w1, · · · , wn]]. Over
this ring the functional equation lemma implies that (2.7.2) is the log of a formal
group law. This defines a deformation of Γ to W〈〈w1, . . . , wn−1〉〉. It is classified by
a map

E0 →W〈〈w1, . . . , wn−1〉〉
and one can easily write down the Hazewinkel parameters ui in terms of the wi.
We will do this in detail a little later. For now let’s just note that, by construction,
the leading terms are

ui = wi + · · · 1 < i < n

un = 1.
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This means that the group we have constructed is the universal deformation of Γ
to local rings (B,m) equipped with a divided power structure on m. We also have
excellent control on the action of Sn.

Here is one immediate consequence of this. Since the ideal (p) ⊂ W has a
(unique) divided power structure, the deformations of Γ to W are classified by
(continuous) ring homomorphisms

W〈〈w1, . . . , wn−1〉〉 →W,

and so have a logarithm given by (2.7.2). This proves both Proposition 2.6.1 and
Theorem 2.7.1.

There’s another remarkable thing that comes out of this formula. It’s pretty
clear that the formula of Proposition 2.6.1 is gotten by applying T to something
that depends only on the Dieudonné module M . Let’s try and work it out. We
want to make sense of the formula

f(x) =
∑

Fnγ
xp

n

pn

but a small amount of typechecking shows this doesn’t quite make sense. It would
if we chose a basis for M and wrote F as a matrix A, and if the symbol x stood for
an h-tuple

x = (x1, . . . , xh)

with h = dimWM the height of the Dieudonné module. In this case case f(x)
would be an h-tuple of power series in the variables xi. One might hope that f(x)
is the log of a formal group law of dimension h over W. This is indeed the case,
and follows easily from the higher dimensional version of Hazewinkel’s functional
equation lemma. Indeed, this f satisfies the functional equation

f(x) = x+
A

p
fφ(xp)

and works out to be

f(x) = x+
∑

AAφ · · ·Aφ
n xp

n

pn
.

This construction is also called the “tapis de Cartier.” Magically, it associates
to a formal group law Γ of finite height h over a perfect field of characteristic p,
with Dieudonné module M , an h-dimensional formal group law G over the ring of
Witt vectors of k. The assertions of Proposition 2.6.1 and 2.7.1 imply that every
lift G of Γ to W is a quotient of G:

(2.7.3) 1→ V → G→ G→ 1.

By construction one has LieG = M , and the map on Lie algebras associated
to (2.7.3) becomes, after choosing an isomorphism LieG ≈W, the sequence

0→ LieV →M
T−→ LieG ≈W→ 0.

One can check that V is isomorphic to the additive group and so determined by its
Lie algebra. The sequence (2.7.3) turns out to be the universal extension of G by
an additive group in the sense that the map

hom(V,Ga)→ Ext(G,Ga)

gotten by cobase change of (2.7.3) along V → Ga, is an isomorphism. It is possible
to construct G directly as the universal additive extension, and show that it is
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independent of the choice of lift G. This gives a definition of the Dieudonné module
as the “Lie algebra of the universal additive extension of a lift.” At least this
would be a definition if one make it a functor of Γ alone. This can be done.
See [23]. Getting this straight was one of the motivations for the introduction of
the crystalline topos. We will return to this a bit later.

2.8. Cleaning things up

Before turning to a more invariant version of the theory we clean a few things
up. If M is a Diedonné module of a formal group Γ then M/VM is naturally
isomorphic to the Lie algebra Lie Γ. The choice of curve γ ∈ M is used only
through the isomorphism M/VM ≈ k or in other words only through the induced
isomorphism Lie Γ ≈ k. The lift GT associate to T : M →W comes equipped with
an isomorphism LieGT ≈ W. This makes it clear that we are really working with
formal groups G which are rigidified in the sense that they come equipped with a
basis LieG of the Lie algebra. Let’s step back a bit and systematically incorporate
this choice.

Suppose that G is a 1-dimensional formal group law over a ring R. The Lie
algebra LieG is then a locally free R-module of rank 1, with dual the cotangent
space ω = ωG to G at the identity section. Geometrically, LieG is a line bundle
over SpecR (or Spf R). For a map R→ S, an isomorphism

S ⊗
R

LieG

corresponds to a lift

P

��
SpecS

99

// SpecR

to the principal Gl1-bundle underlying LieG. This means we should probably be
working over P to begin with. Now the ring of functions on P is graded by the
eigenspaces of the Gl1-action. So given Γ over k we should work with the graded
ring k∗ whose homogeneous components correspond to sections of Lie Γ⊗j or ω⊗jΓ .
The convention in the algebraic topology literature is to make the ring k∗ be evenly
graded with

k2n ≈ H0(Spec k;ωnΓ).

An isomorphism k → Lie Γ corresponds to an invertible element u ∈ k−2, and once
one is chosen one gets an isomorphism

k∗ ≈ k[u, u−1] |u| = −2.

To connect the Dieudonné theory to deformations, we should also work on the
principal LieG-bundle of a deformation G. This motivates looking at the graded
ring E∗ associated to the ring of formal functions on the universal deformation of Γ.
Again, following the conventions in topology the homogeneous component E2n is
the space of sections of ωGuniv

. A choice of isomorphism u : E0 ≈ LieGuniv specifies
an element u ∈ E−2 and enables us to write

E∗ ≈W[[u1, . . . , un−1]][u, u−1].
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But it’s important to remember that the parameters ui and u are not canonically
chosen. In fact a good choice would be one in which one could understand the action
of Aut Γ.

OK. How does the Tapis de Cartier match the Dieudonné theory with this
graded ring? Let

Guniv → Guniv

be the universal additive extension of Guniv by an additive group. There is then a
map

LieGuniv → LieGuniv.

If we imagine that the Dieudonné module M is somehow related to LieGuniv then
we would have a map, or relationship between M and the module of sections of
LieGuniv. In terms of our graded ring, this sets up the expectation that there is a
map, or at least a relationship between M and E−2. This will be the subject of the
next two lectures.

Exercise 2.8.1. Can you work out how this squares with the Kodaira-Spencer
picture of deformations from §1.6?
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Crystals

3.1. A further formula

In the last section we introduced deformation parameters w and wi which can
be used to study deformations of formal group to local rings whose maximal ideal
has a divided power structure. There are also Hazewinkel’s deformation parameters
u and ui. Can we get a formula relating these?

With Hazewinkel’s parameters, the log of the universal deformation satisfies
the functional equation

f(x) = x+
u1

p
fφ(xp) + · · ·+ un−1

p
fφ

n−1

(xp
n−1

) +
1

p
fφ

n

(xp
n

).

Writing

f(x) =
∑

mnx
pn

these expand into the recursive formuals

mi = 0 i < 0

m0 = 1

pm` = u1m
φ
`−1 + · · ·+ un−1m

φn−1

`−(n−1) + un−`.

These are easily solved and one can write down a closed (albeit a bit compli-
cated) formual for m`. Here is what you get if n = 2.

m0 = 1

m1 =
u1

p

m2 =
1

p
+
up+1

1

p2

m3 =
u1

p2
+
up

2

1

p2
+
up

2+p+1
1

p3

m4 =
1

p2
+
up+1

1

p3
+
up

3+1
1

p3
+
up

3+p2

1

p3
+
up

3+p2+p+1
1

p4

m5 =
u1

p3
+
up

4

1

p3
+
up

2

1

p3
+
up

2+p+1
1

p4
+
up

4+p+1
1

p4
+
up

4+p3+1
1

p4
+
up

4+p3+p2

1

p4
+
up

4+p3+p2+p+1
1

p5

m6 =
1

p3
+
up+1

1

p4
+
up

5+1
1

p4
+
up

5+p4

1

p4
+
up

5+p4+p+1
1

p5
+
up

5+p2+p+1
1

p5
+
up

3+1
1

p4
+
up

5+p4+p3+1
1

p5

+
up

5+p2

1

p4
+
up

3+p2+p+1
1

p5
+
up

3+p2

1

p4
+
up

5+p4+p3+p2

1

p5
+
up

5+p4+p3+p2+p+1
1

p6

31
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There is a visible pattern here. The terms pnm2n seem to be converging on some-
thing, as do the terms pnm2n−1.

Now the log g(x) for the wi deformation is given by

(3.1.1) g(x) = x+
w1

p
`(xp) + · · ·+ wn−1

p
`(xp

n−1

) +
1

p
`(xp

n

).

Writing

g(x) =
∑

ηkx
pk

one sees that
η` =

wr
pt

in which we have written

` = tn− r 0 ≤ r < n

wn = 1.

It might be easier to process this when n = 2:

g(x) = x+
w1

p
xp +

1

p
xp

2

+
w1

p2
xp

3

+
1

p2
xp

4

+ · · ·

so

η2m =
1

pm

η2m−1 =
w1

pm
.

This suggests the formula

wwr = lim
t→∞

pnmtn−r (w0 = 1)

This is in fact correct and is proved in [5, Theorem 4.4] from this point of view.
There is a nice way of writing this formula. Let’s do this when n = 2. The recursion
formula (3.1.1) defining mn is

m−1 = 0

m0 = 1

mn =
u1

p
mφ
n−1 +

1

p
mφ2

n−1

can be written as the matrix equation[
mn

1
pm

φ
n−1

mn−1
1
pm

φ
n−2

]
=

[
mn−1

1
pm

φ
n−2

mn−2
1
pm

φ
n−3

]φ(u1

p
1
p

1 0

)
from which one gets the formula[

pnm2n

pnm2n−1

]
= pn

(
up

2n−1

1

p
1
p

1 0

)
· · ·
(u1

p
1
p

1 0

)[
1
0

]
.

Writing

A =

(u1

p
1
p

1 0

)
A(0) =

(
0 1

p

1 0

)
,

one can also write the term on the right as

Aφ
2n−1

· · ·A ·A(0)−2n
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and one gets the formula(
w (ww1)φ

ww1 wφ

)
= lim
m→∞

Aφ
m

Aφ
m−1

· · ·A ·A(0)−(m+1).

This expression turns out to have a nice geometric interpretation.
In the height n case one writes

w = lim−→ pkmnk = 1 + · · ·

wwi = lim−→ pk+1mnk+i = ui + · · · .

Let φ be the ring homomorphism with φ(ui) = upi . Then Hazewinkel’s recursion
relation

m` =
u1

p
mφ
`−1 + · · ·+ un−1

p
mφn−1

`−(n−1) +
1

p
mφn

`−n

becomes

(3.1.2)

ww1 = u1w
φ + u2(wwn−1)φ

2

+ · · ·+ un−1(ww2)φ
n−1

+ (ww1)φ
n

ww2 =
1

p
u1(ww1)φ + u2w

φ2

+ · · ·+ un−1(ww3)φ
n−1

+ (ww2)φ
n

...

wwn−1 =
1

p
u1(wwn−2)φ + · · ·+ 1

p
un−1(ww1)φ

n−1

+ wφ
n−1

+ (wwn−1)φ
n

w =
u1

p
(ww1)φ + · · ·+ un−1

p
(wwn−1)φ

n−1

+ wφ
n

We will express this as a matrix equation in §3.4.

3.2. Periods

The classical story of Abelian integrals and their periods arises when one con-
siders the complex analytic function

(3.2.1)

∫ z

a

dx√
(x2 − 1)(x2 − k2)

.

In order to even talk about the integral one needs to choose branch cuts between
the branch points so one can be careful about which branch of the square root one
is using. The branch points are at x = ±1 and x = ±k. In the picture below I’ve
chosen some branch cuts, and drawn a typical curve

Now the value of the integral is almost independent of the choice of curve. The only
ambiguity comes from adding the values of the integrals around γ1 and γ2 below
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Let’s write

η1 =

∮
γ1

dx√
(x2 − 1)(x2 − k2)

η2 =

∮
γ2

dx√
(x2 − 1)(x2 − k2)

.

It turns out that η1 and η2 are linearly independent over R and generate a lattice
Λ = Λk ⊂ C. The function (3.2.1) thus determines two pieces of data: the lattice
Λk ⊂ C and what turns out to be an analytic isomorphism

X → C/Λ

from (the desingularizatin of) the plane curve X defined by the equation

(3.2.2) y2 = (x2 − 1)(x2 − k2)

to a complex torus.
The generalization of this to higher genus curves is as follow. For a smooth

compact analytic curve X of genus g on finds a basis

{ω1, . . . , ωg}

for the space of holomorphic differentials and a basis

γ1, . . . , γ2g ⊂ H1(X;Z)

for the first homology group with integer coefficients. The vectors∫
γi

ωj ∈ Cg

generate a lattice Λ ⊂ Cg and the set of integrals∫ z

a

ωj j = 1, · · · , g

an embedding X → Cg/Λ. This is the Abel-Jacobi map, the complex torus Cg/Λ
is the Jacobian variety of X, and the integrals used to define it are called Abelian
integrals. Suitably formulated the association X 7→ Λ gives an emedding of the
moduli space of curves into and appropriate moduli space of lattices. This is the
famous Torelli Theorem. The Shottky problem is the problem of characterizing the
image.

The remarkable thing about this is that much of the story can be made to work
for formal groups! We have to set things up a bit differently to make it work. Once
we do, the display of identities at the end of §3.1 will have an interpretation in
terms of periods.
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The key is to look at the Hodge sequence

0→ H0(X; Ω1)→ H1
DR(X;C)→ H1(X; Ω0)→ 0.

The vector space H0(X/; Ω1) is the space of holomorphic differentials, while, by de
Rham’s Theorem (and the universal coefficient theorem) the de Rham cohomology
group in the middle is isomorphic to

hom(H1(X/Z),C).

The left map is the map sending a differential ω to the complex “period”

γ 7→
∫
γ

ω.

With point of view the Jacobian variety is

H0(Ω1X)∗/H1(X;Z).

At this point this just looks like a structureless embedding of a complex vector
space of dimension g into on of dimension 2g. But the two groups have very different
characters. To see this look at the integral (3.2.1), and think k as a parameter
specifying the “modulus” of the curve X. The form ω = dx√

(x2−1)(x2−k2)
varies with

k, however the integer cohomology (and hence the de Rham cohomology) depends
only on the topological space underlying X and not on its complex structure. So
it is, in some sense, rigid.

Now it’s kind of surprising but one can account for the rigidity of de Rham
cohomology in purely “algebraic” terms. Let’s go back to our motivating example
of the curve defined by (3.2.2), but now think of k as a parameter. To emphasize
that I’ll write Xk for the specific curve. Then what we really have is a map

p : X → K

where X is the totality of all the curves Xk and K is the parameter space of values
of k (in our example K = C \ {±1}). The fiber of p over a point k ∈ K is our curve
Xk. Now X is something 2-dimensional and so it’s de Rham complex in degree 1
will have things that look like

f(x, y, k) dx+ g(x, y, k) dy + h(x, y, k) dk,

and from (3.2.2) one has

2y dy = 2x
(
(x2 − k2) + (x2 − 1)

)
dx− 2k dk.

When we think about the de Rham cohomology of an individual Xk we are
ignoring the terms h(x, y, k) dk. More specifically, we are modding them out. This
situation was analyzed in a beautiful paper of Katz and Oda [13]. Here is how it
goes.

Let’s write Ω∗X for the de Rham complex of X and Ω∗(K) for the de Rham
complex ofK. Then the pullback of forms gives a map of differential graded algebras

Ω∗(K)→ Ω∗(X).

Let
I =

⊕
n≥1

ΩnK ⊂ Ω∗(K)

be the (differential graded) ideal of forms of positive degree. Then we have

Ω∗(K)/I = Ω0(K)
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in which the latter is regarded as a differential graded algebra with d = 0 and
concentrated entirely in degree 0. The relative de Rham complex Ω∗(X/K)is the
(derived) quotient

Ω∗(X/K) = Ω∗(X)/I = Ω∗(X) ⊗
Ω∗(K)

Ω0K.

It is the cohomology of Ω∗(X/K) that is the aggregate of the individual de Rham
cohomology groups of the Xk.

Now this setup is part of a spectral sequence. It is the Leray spectral sequence
of the map p for de Rham cohomology, and you can think of it as constructed by
filtering Ω∗K by powers of the ideal I. The E1-term of the spectral sequence is

Hs
DR((X/K))⊗ Ωt(K)

and the above term contributes to Hs+t
DR (X). The first differential is rather inter-

esting. It gives a map

Hs
DR(X/K)→ Hs

DR(X/K)⊗ Ω1(K).

This piece of structure is a connection on H∗DR(X/K), and the fact that d2 = 0
shows that the connection is flat. This is the Gauss-Manin connection and was
analyzed in this form by Katz and Oda.

Remark 3.2.3. In fact Katz goes further ([12, p. 186]) and analyzes the next
differential, showing that it is given by “cup product with the Kodaira-Spencer
class.” This is the piece of structure mentioned in§1.6. Let’s at least check that
everything lives in the right place. First of all where do the differentials go? Like
the Serre spectral sequence for a fibration, the differential dr goes from sub quotient
of Hs

DR(X/K)⊗Ωt(K) to a sub quotient of Hs−r+1
DR (X/K)⊗Ωt+r(K), so d2 maps

a subgroup of Hs
DR(X/K) ⊗ Ωt(K) to a quotient of Hs−1

DR (X) ⊗ Ωt+2(K). As
described in §1.6, the Kodaira-Spencer map is a map from TkK to H1(Xk;TXk).
Put differently it is an element of

(3.2.4) Ω1(K;H1(X/K;TX/K)).

Now an element of Hs
DR(K;Ht

DR(X/K)) is represented by a element of

Ωs(K)⊗ Ωt(X/K).

Multiplying these by (3.2.4) and contracting the tangent vectors against the forms
give an element of Ωs+1(K)⊗ Ωt−1(X/K) which is what we wanted.

3.3. Crystals

3.3.1. Formal Lie Varieties. The takeaway from the previous section is that
we probably ought to be looking at de Rham cohomology. We now turn to doing
so. Much of this section follows the presentation of Katz [11].

3.3.1.1. De Rham cohomology. Let S be a ring. Following Katz [11] we define
the category FormalLieS of pointed formal Lie varieties over S to be the category
with objects {An = AnS | n = 0, 1, . . . } in which a map AnS → A1

S is a formal power
series

f(x1, . . . , xn) ∈ S[[x1, . . . , xn]]

satisfying f(0, . . . , 0) = 0. The maps xi have the property that

AnS
(x1,...,xn)−−−−−−→

(
A1
S

)n
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is an isomorphism, and the composition of maps is given by composition of power
series. Thus a map of formal Lie varieties AnS → AmS is a column vector[

f1, . . . , fm
]T

of functions fi(x1, . . . , xn).
The category of formal Lie varieties over S is functorial in S. Given a map

S → T there is a functor from FormalLieS → FormalLieT . To ease the burden on
the typist I will often write An instead of AnS when the ground ring S is understood.

Remark 3.3.1. In this language a formal group law of dimension n is a group
structure on An.

Remark 3.3.2. The category FormalLieS is the opposite of the category with
objects the augmented formal power series rings

ε : S[[x1, . . . , xn]]→ S

ε(xi) = 0

and ring homomorphisms of augmented rings.

3.3.1.2. Differential forms and the De Rham complex. Just as in differential
topology one can talk about k-forms on AnS . The space Ωk(AS/S) of (relative) of
k-forms on AnS is a free module over the ring of formal functions on AnS with basis
the set of

dxI = dxi1 ∧ · · · ∧ dxik
in which I = (i1 < · · · < ik) is running through the k-element subsets of {1, . . . , n}.
The usual formulas for exterior differentiation make sense and one can construct
the de Rham complex

Ω∗(AnS/S) = Ω0(AnS/S)
d−→ Ω1(AnS/S)→ · · · d−→ Ωn(AnS/S).

The ith cohomology of the de Rham complex will be denoted Hi
DR(AnS/S).

Exercise 3.3.1. Show that H0
DR(A1

S/S) = S. Show that if S is the ring Zp of
p-adic numbers, then

(3.3.3) H1
DR(A1

S/S) =
∏

(n,p)=1

∏
k≥1

Z/pk

in which the factor Z/pk with index n is the form

d
(
xnp

k

/pk) = xnp
k−1 dx.

When S is a Q-algebra the proof of the usual Poincaré Lemma applies and one
has

Proposition 3.3.4. When S is a Q-algebra then for all i > 0,

Hi
DR(AnS/S) = 0.
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3.3.1.3. Functorial properties of De Rham cohomology. The de Rham cohomol-
ogy has surprising functorial properties.

Definition 3.3.5. Suppose that S is a torsion free ring, which we will regard
as a subring of S ⊗Q. A divided power ideal is ideal I ⊂ S with the property that
if x ∈ I then for all n, the element xn/n! is in I.

Example 3.3.6. The ideal (p) in Zp has divided powers.

Remark 3.3.7. When I ⊂ S is an ideal which is not torsion free (over Z),
one has to talk about a divided power structure on I. This means a sequence of
functions γn : I → I, often just written as x 7→ x(n) satisfying the formal algebraic
properties of xn/n!. The advantage of sticking with the torsion free case is that the
existence of divided powers is a condition and not data.

Exercise 3.3.2. Suppose that S is a torsion free ring and I ⊂ S is an ideal
with divided powers. Show that if f, g : AnS → AmS are two maps satisfying f ≡ g
mod I then for all i ≥ 0

f∗ = g∗ : Hi
DR(AmS )→ Hi

DR(AmS ).

Here fand g are column vectors of formal power series over S in n variables and
f ≡ g mod I means that all of the the coefficients of these power series are the
same modulo I.

3.3.1.4. De Rham cohomology with coefficients. The results of the previous sec-
tion apply to what one might think of as de Rham cohomology with coefficients.
We’re not going to use them in that form, but it’s a convenient way to introduce
modules with connection, which will play an important role.

Let’s suppose that V is a formal Lie variety of dimension n over S. In our
main example, V will not be a formal group, but will be Lubin-Tate space itself.
Suppose we have a vector bundle M over V of rank k. Since the ring

FormalLieS(V,A1) = S[[x1, . . . , xn]]

of functions on V is a local ring the FormalLieS(V,A1)-module of sections of M is
free of rank k. We want to add structure to M that allows us to form the de Rham
complex

(3.3.8) Ω0(V )⊗M d−→ Ω1(V )⊗M d−→ · · · d−→ Ωn(V )⊗M

and be able to talk about H∗DR(V ;M). The first thing we need is a map

M
d−→ Ω1(V )⊗M

which, written terms of a section m of M is

m 7→
∑

Di(m) dxi.

The operator Di has the property that

Di(fm) =
∂f

∂xi
+ fDi(m) f : V → A1.

The operators Di endow M with a connection, and you can think of Di(m) as
∂(m)/∂xi.
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What corresponds to the condition that d2 = 0? In terms of the operators Di,
the 2-form d2m is given by∑

i,j

DiDj(m) dxi dxj =
∑
i<j

(DiDj(m)−DjDi(m)) dxi dxj .

The condition that d2 = 0 is thus equivalent to the condition that the operators
Di and Dj commute. A connection with these properties is called integrable. A
section m of M is called horizontal if Dim = 0 for all i and so H0

DR(M) is the space
of horizontal sections of M . The results of 3.3.1.3 apply to the cohomology groups

H∗DR(V ;M)

of a formal Lie variety with coefficients in a vector bundle with an integrable con-
nections.

Suppose that (M,DM
i ) and (N,DN

i ) are modules equipped with with integrable
connections. A module map T : M → N is horizontal if it is compatible with the
connection:

T ∗(DM
i (m)) = DN

i (T (m)).

A horizontal map gives a map of de Rham cohomology with coefficients

H∗DR(V ;M)→ H∗DR(V ;N).

3.3.1.5. De Rham cohmology of groups. Let G be a formal group law of dimen-
sion n over S, thought of as a group structure on AnS . Now here’s an annoying thing
about the notation. In the usual theory of groups, when a group is a set endowed
with a composition law, a group is denoted G, the underlying set is also denoted
G, and no special notation is used for the composition law. I’d like to follow this
notation when we are working with formal groups. Thus a formal group G of di-
mension n will consist of a formal Lie variety (which abstractly isomorphic to An)
equipped with a group structure. I’d like to use the symbol G for this variety and
just write the composition law as a map

µ : G×G→ G

and try not to mention µ all that much. A coordinate system on G is a choice of
isomorphism G→ An and in terms of the coordinate system the map µ is given by
an n-tuple of power series in variables x = (x1, . . . , xn) and y = (y1, . . . , yn). The
symbol G is also used to denote this power series:

G(x, y) =

G1(x, y)
...

Gn(x, y)

 .
Hopefully overloading the symbol G like this won’t cause confusion.

Let’s go back to the situation in which S is a torsion free ring and G is a formal
group over S. In that case the composition law gives the de Rham cohomology of
G an additional piece of structure, namely a map

µ∗ : Hi
DR(G)→ Hi

DR(G×G).

Definition 3.3.9. An element ω ∈ Hi
DR(G) is primitive if

µ∗(ω) = pr∗1 ω + pr∗2 ω.

The group of primitive elements of Hi
DR(G) will be denoted Di(G).
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Let’s do a few examples to get the swing of this. We will focus on D1(G).
We will also restrict our attention to the case in which S is Z-torsion free and so
may be regarded as a subring of S ⊗ Q. In that case, since every closed one form
ω ∈ Ω1(GS) is exact over S ⊗Q, we may identify H1

DR(G) with the quotient

{f ∈ Ω0(GS⊗Q) | df ∈ Ω1(GS)}/Ω0(GS).

From this point of view the elements of D1(G) are the elements f above satisfying
the additional condition that

(3.3.10) f(x+
G
y)− f(x)− f(y) ∈ Ω0((G×

S
G)).

Now for some examples. We will begin with the case in which G is the one
dimensional additive formal group over Zp. As we saw above H1

DR(G) is the product
of cyclic groups generated by

d
(xnpk
pk

)
.

When is such an element primitive? First note that

(x+ y)np
k

− xnp
k

− ynp
k

is not even divisible by p unless n = 1. In that case it is divisible by p but not by
p2. These observations easily imply that

D1(G) =
∏
k≥0

Z/p

in which the factor with index k is represented by the function xp
k

/p.
Before turning to other formal groups let’s make a general observation. Suppose

that

f(x) =
∑

anx
n ∈ Q[[x]]

represents an element of D1(G). If it happens that some coefficients {ai | i ∈ I} are
in S then f(x)−

∑
i∈I aix

i will also be quasi-primitive and will represent the same

element of D1(G) as f . We may therefore suppose that the first non-zero term of
f is of the form

akx
k

with 0 6= ak ∈ S ⊗Q/Z. Next note that the fact that

x+
G
y = x+ y + · · ·

implies that

ak((x+ y)k − xk − yk) ∈ S.
As we saw above, this means that k must be a power of p and pak ∈ S.

Now let’s turn to the case of the Lubin-Tate formal group of height n with
logarithm

`(x) =
∑ xp

nk

pk
= x+

xp
n

p
+ · · · .

Because

`(x+
G
y) = `(x) + `(y)
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this element is actually primitive. This can be used to cancel a term xp
n

p . We can

get a few more this way. We have

pm−1`(x) = pm−1x+ pm−2xp + · · ·+ xp
(m−1)k

+
1

p
xp

(m)k

+ · · ·

so we can also cancel leading terms like xp
mk

/p as well.
How about xp/p? Well here there is something interesting. I claim that

1

p
`(xp)

is also primitive. Why? This is a little easier to explain in a more general setting.
Let’s start with a torsion free p-local ring S and a formal group law Γ over

S/pS given y If

x+
Γ
y =

∑
aijx

iyj

We can construct a new formal group law φ∗Γ with

x +
φ∗Γ

y =
∑

φ(aij)x
iyj .

The fact that (∑
aijx

iyj)p =
∑

aij(x
p)i(yp)j

means that the we have a map

Γ→ φ∗Γ

x 7→ xp.

This map is the Frobenius isogeny.
Now suppose that S has a map φ : S → S which is a lift of Frobenius, in the

sense that

φ(x) ≡ xp mod pS.

Given a power series

f(x) =
∑

bix
i ∈ (S ⊗Q)[[x]]

let

fφ(x) =
∑

φ(bi)x
i

I claim that if f(x) is the log of a formal group G over S then for any k, the series

1

p
fφ

k

(xp
k

)

satisfies (3.3.10).
Before turning to the proof I need another general fact about the log of a formal

group I haven’t had a chance to mention. Suppose L(x) is the log of a formal group
G over S. Then by Taylor’s theorem

L(x+ py) = L(x) +
∑
n>0

L(n)(x)
(py)n

n!
.

However every term on the right is in pS. We already saw that the derivative of
the log has coefficients in S, and you checked above that (p) has divided powers,

so pn

n! is divisible by p.
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Returning to G, note that by by naturality, fφ
k

is a log of Gφ
k

. The fact that

(x+
G
y)p

k

≡ xp
k

+
Gφk

yp
k

mod pS

means that

fφ
k

(xp
k

) + fφ
k

(yp
k

) = fφ
k

(xp
i

+
Gφk

yp
k

)

= fφ
k

(xp
k

+ yp
k

+ pε)

= fφ
k

(xp
k

) + fφ
k

(yp
k

) mod pS[[x]].

This implies that 1
pf

φk(xp
k

) also satisfies (3.3.10).

Putting this all together, this shows that when G is the Lubin-Tate group with
logarithm

`(x) =
∑

xp
nk

/pk

then D1(G) is the free Zp-module of rank n with basis

(3.3.11) {`(x),
1

p
`φ(xp), . . . ,

1

p
`φ
n−1

(xp
n−1

)}.

3.3.1.6. Change of base. Note that the de Rham cohomology H∗DR(AnS/S) is
functorial in S. Given a ring homomorphism S → T there is a map

T ⊗
S
H∗DR(AnS/S)→ H∗DR(AnT /T ).

This map is not an isomorphism, but it fails to be for a particular reason. Let’s
look at the case n = 1 Then describe above. we have

H1
DR(A1

S/S) =
∏

(n,p)=1

∏
k≥1

S/(pkS).

The trouble then is that the tensor product does not, in general, commute with
finite products. It does however either T is a finitely presented S module, or if we
can avail ourselves of some mechanism of picking out a natural fintely generated
sub module of Hast

DR. Now when G has finite height, the module D(G) is exactly
such a submodule. This implies the following

Proposition 3.3.12. Suppose that f : S → T is a ring homomorphism. If G
is a formal group of finite height (and finite dimension) over S then the map

T ⊗
S

D(G/S)→ D(f∗G/T )

is an isomorphism. �

3.3.1.7. Computing Frobenius. Suppose that S is a torsion free ring and G0 is
a formal group law over S/p, and that G and G′ are lifts of G0 to S. write Γ for
the reduction of G to S/pS. Since

x+
G
y ≡ x +

G′
y mod (p)

and since (p) has divided powers the two group laws

(A1 × A1)S → A1
S

induce the same homomorphism on H1
DR(A1). This means that D1(G) is equal to

D1(G′) when regarded as subsets of H1
DR(A1

S).
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In fact it’s even better than that. The induced map in de Rham cohomolgy

H1
DR(G)→ H1

DR(G×G)

can be computed using any power series∑
ãijx

iyj

whose reduction mod p is x+
Γ
y. It doesn’t actually have to define a group structure

on A1.
All of this means that the object D1(GS) is actually a functor of G0 and in

particular, maps of formal groups over S/(p) give maps of the modules D1(− ).
Here is an important example. Consider the Frobenius isogeny

F : G0 → φ∗G0

x 7→ xp.

What is its effect on D1(− )? Let G be a lift of G0 and consider the map x 7→ xp.
This does not quite define a homomorphism G→ φ∗G but since it lifts a map which
is a homomomorphism mod p, it can be used to compute the map

φ∗D1(G) = D1(φ∗G)→ D1(Γ).

This means that F induces the map

`φ
k

(x) 7→ `φ
k+1

(xp).

Consider the case in which G is the Lubin-Tate group with log

`(x) =
∑ xp

nk

pk
.

In terms of the basis (3.3.11), the map F has the matrix
0 0 · · · 0 1
p 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0


Now let’s work out the matrix of F in case of the universal deformation. We

take S = W[[u1, . . . un−1]], φ : S → S given by Frobenius on W and φ(ui) = upi , and
G the formal group law whose log f(x) is defined by the functional equation

f(x) = x+
u1

p
fφ(xp) + · · ·+ un−1

p
fφ

n−1

(xp
n−1

) +
1

p
fφ

n

(xp
n

).

Then, as above, a basis of D1(Γ) is

{f(x),
1

p
fφ(xp), · · · 1

p
fφ

n−1

(xp
n−1

)},

and from the functional equation for f , the map F is given by

(3.3.13)


0 0 · · · 0 1
p 0 · · · 0 −u1

0 1 · · · 0 −u2

...
...

. . .
...

...
0 0 · · · 1 −un−1
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3.3.2. Crystals. To go further it is useful to describe in more abstract terms
the nature of the object D1(G) that we constructed.

Suppose that S is a ring. Let Crys(S) be the category of triples T = (π, i, δ)
consisting of a diagram of ring homomorphisms

(3.3.14) T

π

��
S

i
// U

in which S → U is a Zariski localization, T → U is surjective and δ is a divided
power structure on the kernel I of π. When I is Z-torsion free the structure δ, if it
exists, is unique.

A map in Crys(S) is map of the above data

(3.3.15) T //

π

��

T ′

π′

��
S // U // U ′

in which the map T → T ′ is compatible with the divided power structures.
A crystal on R consists of a T -module MT for each diagram (3.3.14) and for

each map (3.3.15) in Crys(S) an isomorphism

T ′ ⊗
T
MT →MT ′

satsfying the cocycle condition that if

(3.3.16) T //

π

��

T ′

π′

��

// T ′′

π′′

��
S // U // U ′ // U ′′

is a composition in Crys(S) then the diagram

(3.3.17) T ′′ ⊗
T ′
T ′ ⊗

T ′
MT

//

��

T ′′ ⊗
T ′
MT ′

��
T ′′ ⊗

T
MT

// MT ′′

commutes.

Example 3.3.18. Suppose that S0 is complete local Fp-algebra and G0 is de-
formation to S0 of a formal group law of finite height. Given a diagram (3.3.14)
choose any lift G of i∗G0 to T and define MT = MΓ

T = D1(G/T ). The conditions
on G0 guarantee that D1(G) is a finite free T -module and so by all of above discus-
sion this defines a crystal. This is the (contravariant) Dieudonné crystal and will
be denoted M(G0). Thus

M(G0)T = D1(G)

where G is any lift of i∗G to T .
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For the crystalline period mapping we will only require the information sum-
marized by Example 3.3.18. But to connect it with the classical period mapping
requires another point of view on crystals. Since the language used in describing
this situation is derived from the classical period mapping I’ll describe it. You can
safely skip this section if you wish.

In the situation we are interested in, S is the mod p reduction k[[u1, . . . , un−1]]
of the Lubin-Tate ring. Since the ideal

(p) ⊂W[[u1, . . . , un−1]] = E0

has divided powers, a crystal M on S provides an E0-module M . Given any solid
arrow diagram

W[[u1, . . . , un−1]]
f //

��

T

��
S // U

a dotted arrow f exists which is compatible with the divided power structure on
the kernel of T → U . This means that MT is determine by M as

MT = T ⊗
E0

M.

So a crystal on S is just a module over E0 equipped with some extra structure.
What is this extra structure? Look at the ring

(3.3.19) T = E0〈〈h1, . . . , hn−1〉〉
of formal divided power series in variables hi. There are two maps

g1, g2 : E0 → E0〈〈h1, . . . , hn−1〉〉
given by

g1(ui) = ui

g2(ui) = ui + hi.

By definition, if M is to be a crystal, then it must come equipped with an isomor-
phism

τ : g∗1M → g∗2M.

The map τ can be thought of as a map

τ : M ⊗
W[[~u]]

W[[~u]]〈〈~h〉〉

(in which ~u = (u1, . . . , un−1), etc) with the property that

(3.3.20) τ(f(~u)m) = f(~u+ ~h)m.

Write

τ(m) = m+
∑

Di(m)hi + · · · .
Then (3.3.20) gives

Di(fm) = fDi(m) + (∂f/∂ui)m

so that M becomes equipped with a connection.

The operation τ = τ
~h
~u satisfies a cocycle condition over

W[[u1, . . . , un−1]]〈〈h1, · · · , hn−1, h
′
1, · · · , h′n−1〉〉
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which, in what is hopefully evident notation, is the condition that the diagram

M~u

τ~u~h //

τ~u~h+~h′ ##

M~u+~h

τ~u+
~h

~h′

��
M~u+~h+~h′

commutes. In terms of the expansion (3.3.20) this implies that the operators Di

commute and so define an integrable connection. In fact the operators Di determine
the operator τ (this is called integrating the connection form). In this way one gets
an equivalence of categories between crystals on k[[u1, . . . , un−1]] and the category
of modules over W[[u1, . . . , un−1]] equipped with an integrable connection.

3.4. The crystalline period map

Now let’s put this all together. Γ be a 1-dimensional formal group of height
n over the algebraic closure k of Fp, G the universal deformation of Γ over E0 =
W[[u1, . . . , un−1]] and G0 the pullback of G to k[[u1, . . . , un−1]]. Write MΓ and
MG0

for the Dieudonné crystals. We have seen that the de Rham cohomology
MG0(E0) = D1(G) depends only on G0. The lift G gives us some extra structure.
Namely, a particular 1-dimensional subspace generated by

d logG(x).

This is subspace of primitive elements in H0(G; Ω1), and gives a line H0,1 ⊂ D1(G).
This is called the Hodge line in D1(G). In this language, the crystalline Dieudonne
theory tells us that D1(G) determines G0 while the Tapis de Cartier tells us that
the lift G is determined by D1(G), equipped with its Hodge structure, which in
this case is the Hodge line

H0,1(G) ⊂ D1(G).

Now lets pull everything back to W〈〈u1, . . . , un−1〉〉. Over this ring the two maps

ui 7→ ui

ui 7→ 0

agree modulo the maximal ideal of W〈〈u1, . . . , un−1〉〉, which has divided powers.
This means that we have a W-linear map

B : M → D1(G)

which extends to an isomorphism of E0-modules

M ⊗ E0 → D1(G).

So here is the picture, over W〈〈u1, . . . , un−1〉〉

M

B
��

H0,1(G) // D1(G),
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analogous to the diagram

H1(X;Z)

��
H0(X; Ω1) // H1

DR(X).

Using this we have an abstract period map from the subspace of Lubin-Tate space
defined by W〈〈u1, . . . , un−1〉〉 to the projective space P (M). Everything is functorial
in Γ so this map is Aut(Γ) equivariant.

How to compute this map? Here there is an amazing thing: the map B is
determined by the fact that it is compatible with Frobenius. Let’s see how. Let A
be the matrix of Frobenius

F : φ∗D1(G)→ D1(G)

computed in §3.3.1.7 and A0 the one for M . Then specifically

A =


0 0 · · · 0 1
p 0 · · · 0 −u1

0 1 · · · 0 −u2

...
...

. . .
...

...
0 0 · · · 1 −un−1


and

A0 =


0 0 · · · 0 1
p 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0


Then the compatibilty of B with Frobenius is a commutative diagram

φ∗M
A0 //

φ∗B

��

M

B

��
φ∗D1(G)

A
// D1(G).

In terms of matrices this is the identity

BA(0) = ABφ

or,

B = ABφA(0)−1.

Now just keep substituting this into itself

B = AAφ · · ·Aφ
n

Bφ
n+1

A(0)−(n+1)

and take the limit as n→∞, noting that

lim
n→∞

Bφ
n+1

is the identity matrix. This gives

B = lim
n→∞

AAφ · · ·Aφ
n

A(0)−(n+1).
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In our setup it’s actually the first column of B−1 that we want. It’s not too hard
to expand this all out. But for our purposes we don’t really need to. All we need
to know is that B is uniquely determined by A from the properties

B(0) = In

BA(0) = ABφ.

Since it’s really B−1 we want I’ll write these as

B−1(0) = In(
B−1

)φ
A(0) = AB−1.

Now the matrix A is given by (3.3.13) and if you check it you’ll see that the
identites (3.1.2) are equivalent to the assertion that the matrix

w 1
p (wwn−1)φ 1

p (wwn−2)φ
2 · · · 1

p (ww1)φ
n−1

ww1 wφ (wwn−1)φ
2 · · · (ww2)φ

n−1

ww2
1
p (ww1)φ wφ

2 · · · (ww3)φ
n−1

...
...

...
. . .

...

wwn−1
1
p (wwn−1)φ 1

p (wwn−3)φ
2 · · · wφ

n−1


Satisfies the identites for B−1 described above. (in this matrix the 1

p factors dis-

appear in a row as soon as you get to the w term). This means that the period
mapping is given in homogeneous coordinates by

[w,ww1, . . . , wwn−1].
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LECTURE 5

Projects

5.1. Project: finite subgroups

Let D = Dn be the division algebra over Qp and OD the maximal compact sub
algebra, so that the group of units O×d is the automorphism group of the Lubin-Tate
group. The purpose of this project is to work out as many of the finite subgroups
of D×. This is something that appears in print (see [7]), but in a given instance
there is often something more straightforward one can do. There are three facts
that you will use.

Fact 5.1.1. The maximal commutative subalgebras of D are the field extension
of Qp of degree n. If L/Qp is a field extension of degree n then there is an algebra
embedding L ↪→ D and any two embeddings of L in D are conjugate.

Fact 5.1.2. Let L ⊂ D be a maximal commutative subalgebra, and N ⊂ D×

the normalizer of L. The natural map N/L× → Gal(L/Qp) is an isomorphism.

Fact 5.1.3. Write G = Gal(L/Qp). The group H2(G;L×) is cyclic of order n
with generator the element corresponding to the extension

(5.1.4) 1→ L× → N → G→ 1

ocurring in the central simple division alebra with Hasse invariant 1/n

Remark 5.1.5. One goes from an extension (5.1.4) to an algebra D by

D = Z[N ] ⊗
Z[L×]

L.

When the extension (5.1.4) is a generator of the group this is a division algebra
(see [25]).

Exercise 5.1.1. Show that any element of finite order in D× is actually in
O×D.

Exercise 5.1.2. Show that any finite abelian subgroup of D× is cyclic. Sup-
pose that D× contains an element of order k. Show that if (k, p) = 1 then k divides
pn−1. Show that if k = pm then (p−1)pm−1 divides n. Suppose if D× contains an
element of order apb with (a, p) = 1. Show that the maximal finite cyclic subgroups
of D× have order (pf − 1)pm where f(p− 1)pm−1 divides n.

Now let’s work out an example. Suppose that p = 3 and n = 2. We wish to
find all of the finite subgroups of D×. By Exercise 5.1.2, the elements of finite order
must have order dividing 8 (f = 2 in the previous exercise), or 6 (f = 1, m = 1 in
the previous exercise). Suppose that ω ∈ D× has order 3. Then the field extension
L of Q3 generated by ω is a degree 2 extension, and so the Galois group has order
2. It follows that there is a group extension

1→ L× → N → Z/2→ 1.

51
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The first order of business is to work out if restricts to an extension

1→ O×L → Ñ → Z/2→ 1.

This is a question about the long exact cohomology sequence

H1(Z/2;O×L )→ H1(Z/2;L×)→ H1(Z/2;Z)

→ H2(Z/2;O×L )→ H2(Z/2;L×)→ H2(Z/2;Z)

Since L is ramified over Q3 there is no invariant uniformizer. This means that the
map H2(Z/2;L×)→ H2(Z/2;Z) is the zero map so the extension does lift.

Next note that the group of units of OL has the structure

O×L ≈ µ6 × (1 + pOL)×.

Since H2(Z/2;M) is trivial if 2 is invertible in M this means that this extension

1→ µ6 → G→ Z/2→ 1.

splits over µ3× (1 +pOL)×, and does not over µ2 (since the cohomology class must
generate H2). This shows that at p = 3 the group S2 contains a finite subgroup
isomorphic to the semidirect product

Z/3 o Z/4.

You can check that this is a maximal finite subgroup, and that any two are conju-
gate.

Exercise 5.1.3. Show that the only p-groups in `-adic division algebras are
cyclic if p > 2, and either Q8 if p = 2 or cyclic. For which n do the Q8’s occur?

Exercise 5.1.4. Show that if O×D contains an element of order pk then n is
divisible by pk−1(p− 1).

Exercise 5.1.5. Show that for p > 2 the group Sp−1 contains a maximal finite
subgroup and that it has order p(p − 1)2. Show that any two subgroups of this
order are conjugate. What happens with Sp(p−1)?

5.2. Project: Action of finite subgroups

As described in an earlier lecture, it is proved in [8] that if G ⊂ Aut Γ is finite
subgroup whose p-Sylow subgroup is cyclic, then there are deformation parameters
for which the crystalline approximation is an isomorphism. This can be checked by
hand at heights (p − 1) and at height 2 for p = 2 (where there is a twist). In this
project you will explore some explicit ways of checking this result in these cases.

5.2.1. Height (p− 1).

Exercise 5.2.1. Prove this result directly for p = 2.

Now assume p > 2 and write n = (p− 1). In this case there is a maximal finite
subgroup which can be written as Z/p o Z/n2 (this is worked out in another one
of the projects for this course.) The goal is to find a G-equivariant map

M → E−2

inducing the Cartier isomorphism

M/pM ≈ E−2/(p,m
2).
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Since one can always average over groups of order prime to p you can reduce this
to the problem of finding a Z/p-equivariant map. Let g ∈ G be an element of order
p.

Exercise 5.2.2. Show that it suffices to find an invertible element u ∈ E−2

with

u+ gu+ · · ·+ g(p−1)u = 0.

and u 6∈ mE−2.

You will do this by finding an element v ∈ E2(p−1) with the analogous proper-
ties, and setting

u = v ·N(ũ)

where ũ ∈ E−2 is any invertible element, and

N(ũ) =

p−1∏
i=0

gi(ũ).

Consider the power series [p](x) representing multiplication by p on the univer-
sal deformation. By Lemma 1.2.1 one has

[p](x) = v1x
p + · · · .

Exercise 5.2.3. Show that this formula defines an element v1 ∈ E2(p−1)⊗Z/p
and that this element is in fact invariant under Aut Γ.

Now lift v1 to an element ṽ1 ∈ E2(p−1) and define v ∈ E2(p−1) be defined by

pv = g(v1)− v1.

Exercise 5.2.4. Why is the right side divisible by p? Show that the element
v satisfies

v + gv + · · ·+ g(p−1)v = 0.

It remains to show that v is not zero modulo the maximal ideal. Let O = Zp[ζp]
and A = W⊗

Zp
O, where ζp is a primitive pth root of unity. Let ΓO be the O-module

over A gotten by change of base of the Lubin-Tate formal O-module along the map
O → A. By construction, the group GO is a deformation of Γ, and so classified by
a map

E0 → A.

The group GO has complex multiplicaton by ζp so the map E0 → A is equivariant
for the action of G (which acts trivially on A). You can prove that v is not in
mE2(p−1) by mapping over to A2(p−1) and doing the computation there.

5.3. Project: Line bundles in height 2

This project also concerns material that is well represented in the literature.
But it is a very informative exercise to explore. Also the results on cohomology
from this point of view are derived in Kohlhaase [17]. Behrens [3] describes the
computation of the Picard group. More details can be found in Beaudry et. al. [2]
and in the thesis of Lader [20]. In this project you will work out the computation
of the Picard group of the Lubin-Tate stack at p ≥ 5 and height n = 2. More
concretely you will prove the following theorem
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Theorem 5.3.1. For p ≥ 5, the restriction map

H1(S2;E×0 )Gal → hom(W×,W×)Gal

is a monomorphism, with image the subgroup topologically generated by the identity
map and the norm.

Here Gal is the Galois group of k over Fp. I’ll leave it to you to pass to Galois
invariants at the end.

We will use the crystalline approximation to the action of the S2 on the ring

E∗ = W[u±1][[u1]]

via the map

M → E−2/(p, u
p
1)

γ 7→ u

V γ 7→ uu1.

Not quite following the conventions in [5]) write we will write an automorphism
g ∈ S2 as

g(γ) 7→ aγ + bV γ

g(V γ) 7→ pbφ
−1

γ + aφ
−1

V γ

and so corresponding to a matrix

g =

(
a pbφ

−1

b aφ
−1

.

)
Note that since n = 2 one has φ2 = 1 and so you won’t go wrong if you write φ−1

The determinant is a map

det : S2 → Z×p ⊂W×.

There is an inclusion

Z×p × → S2

a 7→
(
a 0
0 a

)
.

The composite is the squaring map and so, since p is odd, is an isomorphism on
the 1-units

(1 + pZp)×.
It follows that S2 can be written as a product

Zp ×
(
Ss2 oµp2−1)

in which ζ ∈ µp2−1 corresponds to the matrix

(5.3.2)

(
ζ 0
0 ζp

)
and

Ss2 ⊂ S2

is the subgroup of matrices of determinant 1. The factor of Zp is acting trivially
on everything we will consider and can just be put in at the end. We can make
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our computation with Ss2 as long as we project to the invariant part of the action
of µp2−1.

Write q = p2. Note that reducing the matrices modulo p gives a map

α〈p− 1〉 : Ss2 → Fq = µq−1(
a pbφ

−1

b aφ
−1

.

)
7→ b.

For ζ as in (5.3.2), we have

α〈p− 1〉(ζgζ−1) = ζp−1α〈p− 1〉(g),

so that α〈p− 1〉 is an element of H1(Ss2;Fq) transforming in the ζp−1 eigenspace.
The element

α〈1− p〉 ∈ H1(Ss2;Fq)
given by

α〈1− p〉(g) = bφ

is in the ζ(1−p) eigenspace. One easily checks that these form a basis for H1(Ss2;Fq).
Taking the Bockstein of these gives two more elements

β〈p− 1〉 = β(α〈p− 1〉) ∈ H2(Ss2;Fq)
β〈p− 1〉 = β(α〈p− 1〉) ∈ H2(Ss2;Fq).

Notation 5.3.3. I’ve adopted some non-standard notation here in order to
make the eigenspace decomposition more transparent. In the topology literature
one finds

α〈p− 1〉 ↔ h0u
p−1

α〈1− p〉 ↔ h1u
p(p2−1)

β〈p− 1〉 ↔ g0u
p2+p−2 ↔ b1u

p2(p−1)

β〈1− p〉 ↔ g1u
(p)(p2+p−2) ↔ b0u

p(p−1)

Exercise 5.3.1. Show that for p > 3, the cohomolgy ring H∗(Ss2;Fq) is the
graded commutative ring generated by the classes α〈1− p〉, α〈p− 1〉, β〈1− p〉,
β〈p− 1〉 subject to the relations

α〈1− p〉β〈p− 1〉 = α〈p− 1〉β〈1− p〉

β〈p− 1〉2 = β〈1− p〉2 = 0.

(This is not straightforward, but it is doable and it is informative. I’ll add some
guidance an a later revision of these notes.)

The computation will be gased on the following striking theorem of Shimomura
and Tamura [27].

Theorem 5.3.4. The map

H∗(Ss2; k)→ H∗(Ss2;E0/p)

is an isomorphism on µp2−1 invariants.

Corollary 5.3.5. The map H∗(S2;W)→ H∗(S2;E0) is an isomorphism.
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Exercise 5.3.2. Deduce the Corollary from the Theorem. (The main point of
this is to come to grips with what kind of cohomology one is talking about here).

The proof of Theorem 5.3.4 requires some details of the proof of 5.3.5 to which
we not turn. It is done by filtering the ring

k[[u1]]

by powers of the maximal ideal and running the spectral sequence. The E1-term is
the sum of the cohomology groups

H∗(Ss2; (u1)s/(u1)s+1).

From the crystalline approximation, for g ∈ Ss2 (and working modulo p) we have

g · u = au+ buu1 +O[u1]p

= u+ buu1 +O[u1]p

g · uu1 = pbφ
−1

u+ aφ
−1

uu1 +O[u1]p

= uu1 +O[u1]p

g · u1 =
aφ
−1

u1 + pbφ
−1

bu1 + a
+O[u1]p

=
u1

1 + bu1
.

From the above formulas one sees that modulo (u1)2 the element u1 transforms
in the representation ζ(p−1), so that the classes

α〈1− p〉u1 and α〈p− 1〉up1
are invariant. This leads to the following basis for the µp2−1-invariant part of the
cohomology of the associated graded ring, in which m = 0, 1, 2, . . .

H0 : {um(p+1)
1 }

H1 : {α〈1− p〉um(p+1)+1
1 } ∪ {α〈p− 1〉um(p+1)+p

1 }

H2 : {β〈1− p〉um(p+1)+1
1 } ∪ {β〈p− 1〉um(p+1)+p

1 }

H3 : {α〈1− p〉β〈p− 1〉um(p+1)
1 }.

Now for the differentials. The first ones are in Miller-Ravenel-Wilson [24].
From the transformation formula

g · u1 =
u1

1 + bφu1
+O[u1]p mod p

we get, for g ∈ Ss2
u1 7→ u1 − bφ

−1

u2
1 +O[u1]3

leading to the differential

u
s(p+1)
1 7→ −su(s−1)(p+1)+1

1 α〈1− p〉.
From the formula

up1 7→
up1

1 + bup1
+O[u1]p

2

we get for g ∈ Ss2

up1 7→ up1 − bu
2p
1 +O[u1]3p
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and so the differential

du
sp(p+1)
1 = −susp(p+1)+p

1 α〈p− 1〉.

This looks pretty good, but at the next step there is a bit of trouble. For g ∈ Ss2
we have

up
2

1 7→
up

2

1

1 + bφup
2

1

+O[u1]p
3

≡ up
2

1 − bφu
2p2

2 + · · ·+O[u1]p
3

.

However since

u2p2−1
1 7→ u2p2−1

1 + bφu2p2

1 + · · ·
we can add this term to the above and get a longer differential. If you do this you
find that

u
(2)
1 := up

2

1 + u2p2−1
1 = up

2

1 (1 + up
2−1

1 )

satisfies

g(u
(2)
1 ) = u

(2)
1 +O[u2p2+p−1

1 ]

and so to go further one requires a more accurate expression for the action. It’s not
so easy to get the final answer from this point of view. If you want to know how to
do it, you should consult the references [18, 20, 2].

I’ll now just report on all of the differentials

5.3.1. Differentials from H0 to H1.

u
s(p+1)
1 7→ −sus(p+1)

1 u1α〈1− p〉

u
sp(p+1)
1 7→ −s

(
u
sp(p+1)
1

)
up1α〈p− 1〉

u
spn(p+1)
1 7→ −2s

(
u
spn(p+1)
1

)
up

n+pn−1−1
1 α〈p− 1〉 n > 1

5.3.2. Differentials from H1 to H2. We start with the differentials on the
classes u

s(p+1)
1 u1α〈1− p〉. The classes with s 6≡ 0 mod p are in the image of the

differentials from H0 so are in the kernel of the differential from H1 to H2. I won’t
remark on this kind of thing further, and will leave it to you to check that all of
the necessary differentials have been reported.

(5.3.6) u
sp(1+p)
1 u1α〈1− p〉 7→ u

sp(1+p)
1 u1u

p−1
1 β〈p− 1〉.

Exercise 5.3.3. These differentials are within the range of the cryatalline
approximation. Can you account for them? (I haven’t tried this).

The differentials on the classes

u
s(p+1)
1 up1α〈p− 1〉

break into cases. For s 6≡ 1 mod p2 one has

d(u
(s−1)(1+p)
1 up1α〈p− 1〉) 7→ −

(
s

2

)
u
s(1+p)
1 u1β〈1− p〉(5.3.7)

d(u
(spn−1)(1+p)
1 up1α〈p− 1〉) 7→ − (−1)n

2

(
s

2

)
u
spn(1+p)
1 u

(p+1) p
n−1
p−1

1 u1β〈1− p〉

(5.3.8)
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For s ≡ 1 mod p2 one has

d(u
(s−1)(1+p)
1 up1α〈p− 1〉) 7→ −usp

n(1+p)
1 u

(1+p)(p−1)
1 u1β〈1− p〉

(5.3.9)

d(u
(spn−1)(1+p)
1 up1α〈p− 1〉) 7→ − (−1)n

4
u
spn(1+p)
1 u

(1+p)( p
n−1
p−1 +pn(p−1))

1 u1β〈1− p〉

(5.3.10)

(5.3.11)

5.3.3. Differentials from H2 to H3. The differentials from H2 to H3 are
actually determined by Poincaré duality. I’ll record them here and if there is interest
set up a project/guided exercise for deducing them.

First the differentials on the elements

u
(p+1)m
1 u1β〈1− p〉.

Every integer m can be written uniquely in the form

m = 1 + p+ · · ·+ tpn−1

with t 6≡ 1 mod p. The differential on the classes u
(p+1)`
1 up1α〈p− 1〉 hit the classes

with
t 6≡ 0 mod p.

This leaves the elements of the form

m = 1 + · · ·+ pn−2 + spn.

In this way we associate n and s to each eligible m. The differential is

u
(p+1)m
1 u1β〈1− p〉 7→ −2(s− 1)u

(p+1)m
1 u

(p+1)pn−1

1 α〈p− 1〉β〈1− p〉.
The differentials on the classes

u
(p+1)m
1 up1β〈p− 1〉

follows from the differentials on u
(p+1)s
1 with s 6≡ 0 mod p. The formula is

u
(p+1)s
1 up1β〈p− 1〉 7→ −su(p+1)s

1 u
(p+1)
1 α〈1− p〉β〈p− 1〉.

Exercise 5.3.4. How accurately would one need the formula for g(u1) to ac-
count for all of these differentials?

Exercise 5.3.5. Assuming these differentials deduce Theorem 5.3.4. (This is
just a matter of bookkeeping, but it’s worthwhile straightening it out.)

We can now turn to the proof of Theorem 5.3.1.

Exercise 5.3.6. Show that there is a short exact sequence of Ss2-modules

0→ E0
exp(px)−−−−−→ E×0 → (E0/p)

× → 1.

This short exact sequence gives a long exact sequence in cohomology. You can
work out one third of the terms from Theorem 5.3.5, so the computation reduces
to knowing

H1(Ss2; (E0/p)
×) = H1(Ss2; k[[u1]]×).

You do this by filtering by kernels of the map

k[[u1]]× → k[[u1]]/(uj1)×
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and studying the spectral sequence

(5.3.12)
⊕

H∗(Ss2; (1 + u`1k[[u1]])×/(1 + u`+1
1 k[[u1]])×)⇒ H∗(Ss2; (k[[u1]]×).

You can finish the project by doing this. There are two observations you will need.

Observation 5.3.13. For each n, the module E−n is invertible. It maps the
element of H1(Ss2; k[[u1]]×) given by the crossed homomorphism

g 7→ g(un)/un.

You can work out what you need of this from the chromatic approximation. This
gives a bunch of elements that you know survive this spectral sequence.

Observation 5.3.14. The group

(1 + u`1k[[u1]])×/(1 + u2`
1 k[[u1]])×

is isomorphic to (u`1)/(u2`
1 ) so in a certain range the “multiplicative” spectral se-

quence (5.3.12) is isomorphic to the “additive” spectral sequence analyzed by Shi-
momura, and you can use those differentials.

Armed with these two observations it is possible to prove Theorem 5.3.1.
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