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1. Table of symbols
p
Fq
A
k
k∞
| · |∞
k∞
ζθ
C∞
k
A+
deg
F
c(i)
C∞ {F }

:=
:=
:=
:=
:=
:=
:=
:=
:=
:=
:=
:=
:=
:=
:=

a fixed prime
finite field of q = pm elements
Fq [θ] = polynomials in the variable θ
Fq (θ) = rational functions in θ
Fq ((1/θ)) = ∞-adic completion of k
absolute value on k̃ such that |θ|∞ = q
algebraic closure of k∞
a fixed (q − 1)-st root of −θ in k∞
completion of k∞ w.r.t. | · |∞
algebraic closure of k in C∞
the set of elements of A monic in θ
the function associating to each element of A its degree in θ
the q-power Frobenius map sending x 7→ xq
i
cq = the ith iterate of F applied
Pto an element c of C∞
the ring of twisted polynomials i ai F i ,
i
where multiplication is given by ai F i (aj F j ) = ai aqj F i+j
2. Transcendence for Drinfeld modules

2.1. Wade’s results.
2.1.1. Wade’s results. The story of transcendence over function fields begins with Wade’s
proof of the non-algebraicity (over k) of the power series
∞ 

Y
i −1
πq = θζθ
1 − θ1−q
.
i=1

The general mathematical community had little idea why Carlitz [Carlitz 1935] considered
this to be the function field analogue of the classical number π.
The situation became clearer through the work of V. G. Drinfeld [Drinfeld 1974] and
D. Hayes [Hayes]. Drinfeld introduced what he called elliptic modules, now commonly
called Drinfeld modules, because they have strikingly similar similarities with classical elliptic curves. To minimize notation I will not speak of the most general type of Drinfeld
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modules. For that and details omitted here, see [Goss], [Rosen], or [Thakur]. (Added by
MP: A great source for information in these notes is [Brownawell 1998].)
2.2. Drinfeld modules. What Drinfeld discovered is that, just as two-dimensional lattices
in the complex numbers correspond to elliptic curves, (arbitrary rank) lattices in C∞ over
A correspond to representations
φ : A → C∞ {F }
for which φ(θ) = θF 0 +higher terms, and the analogy is amazingly tight, including analogues
of the Weierstrass elliptic functions

X 
1
1
1
0
℘(z) = 2 +
− 2 .
2
z
(z
−
λ)
λ
λ∈Λ
2.3. The Weierstraß-Drinfeld correspondence. Here is the correspondence, where by
lattice we mean a discrete free sub-A-module of C∞ of finite rank.
Weierstraß

Drinfeld

Z
2-dim’l lattice Λ
expΛ (z) = (℘(z), ℘0 (z))
elliptic curve E : y 2 = 4x3 − g2 x − g3
0 → Λ → C → Eλ (C) → 0
Isogenies from c s.t. cΛ1 ⊂ Λ2

A
r-dim’l A-lattice
Q Λ
expΛ (z) := z λ∈Λ 0 (1 − λz ) analytic!
Ga
0 → Λ → C∞ → Ga (C∞ ) → 0
Isogenies from c s.t. cΛ1 ⊂ Λ2
when rankA λ1 = rankA Λ2
φΛ : A → End Ga via
φΛ (θ) = θF 0 + higher terms ∈ C∞ {F }

Z ⊆ End(E)

2.3.1. Drinfeld exponential function. Convergence of the infinite product expλ (z) for all values of z follows immediately from the discreteness of Λ: Only finitely many λ ∈ Λ lie within
any given distance to the origin.
2.3.2. Exercise. For each N , consider the truncated product
Y 00 
z
ed (z) := z
1−
,
λ
00

where the indicates that, for a fixed basis λ1 , . . . , λr for Λ, the product is taken over all
non-zero λ involving coefficients from A with degrees at most d. Show that
2

n

ed (z) = z + a1 z q + a2 z q + · · · + an z q ,
with a1 , . . . , an ∈ k(λ1 , . . . , λr ), where n = q r(d+1) . Hint: Show that the coefficients of ed
must be invariant under multiplication by elements from Fq .
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2.3.3. Fq -linearity of expΛ (z). As a consequence of the preceding exercise, it follows that the
Drinfeld exponential function has an expansion of the form
∞
X
n
expλ (z) =
an z q ,
n=0

with a0 = 1, i.e. it is an Fq -linear power series. Thus, for c ∈ Fq ,
expλ (z1 + cz2 ) = exp(z1 ) + c expΛ (z2 ).
Moreover expλ (z) visibly parametrizes Ga (C∞ ) and has kernel Λ. So the sequence
exp

Λ
0 → Λ → C∞ −−→
C∞ → 0

is exact.
2.3.4. Lattice containment. First consider the case that Λ1 , Λ2 are A-lattices of the same
A-rank, but Λ2 ⊆ Λ1 . Then Λ1 /Λ2 is a finite dimensional Fq -vector space, say with coset
representatives λ1 (= 0), . . . , λd . Then

Y 
X
0
P[Λ2 : Λ1 ] (X) := X
1−
expΛ2 (λi )
is an Fq -linear polynomial with X as lowest term, and it provides the crucial functional
relation
expΛ1 (z) = P[Λ2 : Λ1 ] (expΛ2 (z)),
since both sides have the same zeros and the same leading terms.
2.3.5. Lattice morphism. Let c ∈ C∞ be non-zero. Now the product expansion for expΛ (z)
makes obvious that
expcΛ (cz) = c expΛ (z).
When in additiona Λ1 , Λ2 have the same rank and cΛ2 ⊆ Λ1 , then [cΛ2 : Λ1 ] is finite. Then
expΛ1 (cz) = P[cΛ2 : Λ1 ] (expcΛ2 (cz)) = P[cΛ2 : Λ1 ] (c expΛ2 (z))
as both sides have the same zeros and the same leading terms. Writing P[cΛ2 : Λ1 ] (cz) = ψz
for ψ = cF 0 + higher terms in C∞ {F } and replacing z in this relation by az, a ∈ A gives
φ1 (a)ψ expΛ2 (z) = φ1 (a) expΛ1 (cz) = expΛ1 (acz) = ψ expΛ2 (az) = ψφ2 (a) expΛ2 (z)
We say that ψ ∈ HomA (φ1 , φ2 ).
2.3.6. Isogenies. Since expΛ2 (z) is a transcendental function (it has infinitely many zeros),
we conclude that
φΛ1 (a)ψ = ψφΛ2 (a).
Any non-zero element of C∞ {F }, the twisted polynomials over C∞ , satisfying this property
will be called an isogeny from φΛ2 to φΛ1 , and we write
ψ : φΛ2 → φΛ1 .
Note that, as c 6= 0, ψ = cF 0 + higher terms 6= 0 in the previous displayed line.
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2.3.7. Exercise. Show that if ψ : φΛ1 → φΛ2 is an isogeny, then there is another isogeny
ψb : φΛ2 → φΛ1 . Hint: Use the fact that ψ comes from a non-zero c with cΛ1 ⊂ Λ2 .
2.3.8. Analytic uniformization. Drinfeld noted that these considerations are reversible!
Theorem 2.3.9 (Drinfeld’s Uniformization Theorem). Given a homomorphism φ : A →
C∞ {F } such that φ(θ) = θF 0 + · · · + am F m , am 6= 0, m > 0, there is a unique A-lattice Λ
such that φ = φΛ . Moreover rankA Λ = m.
The way to see this is to use the condition e(θz) = φ(θ)e(z) to define a unique Fq -linear
power series e(z) with leading term z. Then one shows that e(z) is Fq -linear and entire.
Finally, from the functional equation, one sees that the zeros of e(z) form a discrete Amodule, i.e. a lattice Λ. Then show that e(z) = expΛ (z). For a complete proof, see [Goss],
[Rosen], [Thakur].
2.3.10. Exercise. Show that if ψ : φΛ2 → φΛ1 and ψ = cF 0 + higher terms, then c 6= 0 and
cΛ2 ⊆ Λ1 . Hint: Show that ψ expΛ2 (z/c) satisfies the functional equation for expΛ1 (z) and
has lowest term z.
Nothing surprising occurs here, but there are some details to verify. This is the function field analogue of one of the major settings of modern transcendence theory. The first
major steps in its development were taken almost single-handedly by one of our speakers,
M. Waldschmidt.
Here we have the analogue of a commutative agebraic group Ga with exponential function:
0 → Λ → LieG → G(C∞ ) → 0
2.3.11. Drinfeld module Ga . If φ(θ) = θF 0 , then we can consider exp(z) = z with period
Λ = {0}.
2.3.12. Field of definition. If K is a field, k ⊆ K ⊆ C∞ and φΛ is a Drinfeld module, we
will say that φ is defined over K whenever either (and therefore both) of the two equivalent
conditions hold:
• φ(θ) ∈ K{F }
• expΛ (z) ∈ K[[z]].
The conditions are equivalent because of the functional equation.
2.4. Carlitz.
2.4.1. Carlitz exponential function. What does this have to do with Carlitz? Carlitz defined
an explicit analytic exponential function, which we will denote by eC (z):
X z qh
eC (z) :=
Dh
h≥0
where the Dh are defined recursively by D0 := 1,
(2.4.1.1)

(1)

Dh = (θ(i) − θ)Di−1 . Moreover

expC (θz) = θ expC (z) + (expC (z))q = (θF 0 + F ) expC (z)

for all z ∈ C∞ . That is φC (θ) = θF 0 + F .
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2.4.2. Easy exercise. Verify this functional equation.
2.4.3. Carlitz period. Drinfeld tells us (and Carlitz showed) that there is an underlying lattice
ΛC for which expC =√expΛ , and that it has rank one. In fact, Carlitz found a basis for his
q−1
Λ, namely λC = A
θ − θ(1) πq . That is, if expC (z) is the correct analogue of the ordinary
exponential function,
√ then since πq lies in the completion of k with respect to the absolute
q−1
value | · |∞ and
θ − θ(1) ∈ k, these seem to be the correct analogues of π and 2i.
2.4.4. Analogue of exponential function? But why should expC , rather than some expλ with
Λ 6= ΛC , be the correct analogue of the ordinary exponential function? After all, the rank
one Drinfeld modules are all isogenous. Hayes provides the first major answer (that Carlitz
knew), namely the function field analogue of the classical Kronecker-Weber theorem.
Theorem 2.4.5 ([Hayes]). The Hilbert class fields over k are generated (in an explicit manner) by the Carlitz torsion values expC ( λa ), a ∈ A, λ ∈ ΛC .
2.4.6. Gelfond-Schneider-Wade. So Carlitz was right, and now we see why Wade’s result
above is considered the analogue of Hermite’s theorem on the transcendence of π.
Maybe we shouldn’t feel too bad. It wasn’t until Wade’s third paper that he adapted
a classical proof of transcendence to the function field setting. There he established the
following:
Theorem 2.4.7 (Wade’s Analogue of Gelfond-Schneider [Wade 1946]). Let α ∈ C∞ be nonzero with expC (α) ∈ k and let β ∈ k \ k. Then expC (αβ) 6∈ k.
Previously he had relied more on the ingenious use of formal identities, à la Carlitz. After
Wade’s isolated early achievements, the real explosion of “early modern” transcendence
results for function fields occurred through the work of G. Anderson, D. Thakur, and J. Yu
(and many others).
2.5. Yu’s work. In his first papers, Yu obtained the important analogues of both the Hermite, here the transcendence of non-zero period, and Gelfond-Schneider results for arbitrary
Drinfeld modules defined over k, i.e. with φΛ (θ) ∈ K{F } with K necessarily a finite extension
of k.
Theorem 2.5.1 ([Yu 1986]). Let φΛ be a Drinfeld module defined over k.
1) (à la Hermite) If λ is non-zero in Λ, then λ 6∈ k.
2) (à la Gelfond-Schneider) If u 6= 0 with expΛ (u) ∈ k and β 6∈ End(λ), then expλ (uβ) 6∈ k.
2.5.2. Ingredients in proofs. Not only were the results motivated by the eponymous classical
theorems, but so were the proofs. The ingredients were familiar:
(1) Construction of an auxiliary function which is a polynomial in the coordinate functions of the exponential map with lots of zeros (to force small values) on a lattice.
(2) Upper bound on the height of non-zero value at a “first” lattice point.
(3) Lower bound on this absolute value.
(4) Upper bound on this absolute value (Schwarz Lemma).
The most radical departure from the previous proofs was perhaps the application of the
Riemann-Roch theorem in the place of (in the use of) the Box Principle in the Thue-Siegel
construction of the auxiliary function.
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2.5.3. Analogue of Schneider’s theorems. Moreover Yu showed the analogues of Schneider’s
theorems for elliptic functions:
Theorem 2.5.4 ([Yu 1986]). Let expλ (z) be defined over k with rankA Λ = 2, say Λ =
A λ1 + A λ2 . If End Λ = A, then λ1 /λ2 is transcendental.
However to go further, it would be necessary to treat several Drinfeld modules simultaneously, i.e. to treat products of Drinfeld modules. For that, Anderson’s t-modules are just
what the doctor ordered. They are higher-dimensional generalizations of Drinfeld modules.
3. t-Modules
3.1. Definitions.
Drinfeld A-modules
φ(θ) ∈ C∞ {F }
φ(θ) = θF 0 + higher order terms
dφ = θ
empty condition
unique entire expλ : C∞ → C∞
expΛ (θz) = φ(θ)(expΛ (z))
expΛ = F 0 + higher terms

Anderson t-modules
Φ(θ) ∈ Matn (C∞ ){F }
Φ(θ) = θM0 + higher order terms
dΦ = M0 = θIn + N ∈ Matn (C∞ )
Nn = 0
existence of unique entire expΦ : Cn∞ → Cn∞
expΦ (M0 z) = Φ(θ) expΦ (z)
expΦ = In F 0 + higher terms with matrix coefficients

Just as for Drinfeld modules, the functional equation of the exponential function has a
unique solution
3.1.1. Zeros of exponential functions. Just as in the case of classical abelian varieties, we
cannot expect every t-module to be a torus, although some can be products of them as we
shall see.
In this setting, a sub-t-module is an connected algebraic subgroup H of Gna such that
• for some C∞ -subspace Lie(H) of Cn∞ ,
• dΦ(θ) Lie(H) ⊆ Lie(H), and
• expΦ (Lie H) = H(C∞ ),
In other words, t-modules satisfy the usual Lie correspondence for algebraic groups.
3.1.2. Uniformizability of t-modules. The question of the surjectivity of the exponential map
is somewhat subtle, and we will not pursue it here, except to note that the exponential maps
occurring here are surjective.
3.1.3. Morphisms of t-modules. Let G = (Φ, Gra ) and Q = (Ψ, Gsa ) denote two t-modules of
respective dimensions r and s. Then by a morphism f : Q → G, we mean a morphism of
commutative algebraic groups f : Gsa → Gra commuting with the action of A:
f Ψ(t) = Φ(t)f.
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3.2. Yu’s sub-t-module theorem. In the setting of t-modules, Yu achieved the full analogue of the culmination of the Gelfond-Schneider setting in the following:
Theorem 3.2.1 (Yu’s Theorem of the Invariant Vector Space). Let G = (Gna , Φ) be a tmodule defined over k. Let u ∈ Cn∞ (interpreted as LieG (C∞ ) such that expΦ (u) ∈ G(k).
Then the smallest vector space in LieG (C∞ ) defined over k which is invariant under dΦ(θ)
and which contains u is the tangent space at the origin of a t-submodule of G.
The proof of this is interesting, but it would lead us far afield into the area of effective
elimination theory and applications to so-called zero estimates. Although students of mine
have worked on the first topic, there is unfortunately no modern explication in the open
literature of these facts of life over fields of characteristic zero.
3.3. Yu’s version of Baker’s theorem. To see how this applies, we consider the analogue
of the celebrated theorem that garnered Baker a Fields Medal: In it, we let EndΛ := {c ∈
C∞ : cΛ ⊆ Λ}.
Theorem 3.3.1 (Baker-Yu [Yu 1997]). Let φΛ be defined over k. Let α1 , . . . , αn ∈ C∞ be
linearly independent over EndΛ and assume that each expΛ (αi ) ∈ k. Then
1, α1 , . . . , αn
are linearly independent over k.
3.4. Proof of Baker-Yu. Since Λ is fixed, let us set φ := φΛ and exp := expΛ for the
moment.
3.4.1. Construction of t-module. We first have to define a t-module: Take Φ := diag(id, φ, . . . , φ),
where φ occurs n times on the diagonal.
Now check that Φ satisfies the necessary properties.
• Φ(θ) ∈ Matn+1 (k){F }
• dΦ(θ) = θIn+1 , where In+1 is the identity matrix in Matn+1 (k), and N is the zero
matrix.
From the functional equation for φ, we see that, if we provisionally set
expΦ (z) := diag(z0 , exp(z1 ), . . . , exp(zn ))
for the (column) vector of variables z := (z0 , z1 , . . . , zn )t , then expΦ (z) = In z+ higher terms,
and we have the functional equation
expΦ (dΦ(θ)z) = expΦ (θz) = diag(θz0 , exp(θz1 ), . . . , exp(θzn ))
= diag(θz0 , φ(θ) exp(z1 ), . . . , φ(θ) exp(zn )) = Φ(θ) expΦ (z).
So with the above choice of Φ and expΦ we have a t-module G of dimension n defined
over k.
3.4.2. Specification of the point u. To apply Yu’s Invariant Subspace Theorem, we need to
specify a point u with expΦ (u) ∈ G(k). We simply take u := (1, α1 , . . . , αn )t and find that
n+1
indeed expΦ (u) ∈ k .
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3.4.3. Invariant subspaces. Since dΦ(tθ) = diag(θ, . . . , θ), multiplicaton of a vector by dΦ(θ)
is simply scalar multiplication by θ. As Lie H must be given by linear equations, the condition
that Lie H should be closed under the action of dΦ(θ) poses no additional restriction.
3.4.4. Equations for Lie H. So only the questions remaining are:
(1) What linear k-subspaces V of Lie G have the property that for all v ∈ V , all the
values expΦ (v) satisfy some fixed non-trivial polynomials over C∞ ?
(2) Can our point above u lie in such a V ?
Question (1): This question has an elementary, though not immediately apparent answer.
From the functional equation for exp we know that, for every z ∈ Cn+1
∞
expΦ (z) = z + M1 z(1) + M2 z(2) + . . . .
From the corresponding Fq -linearity of expΦ (z), any minimal polynomial (say with respect to
some lexicographical ordering of monomials) P (x0 , . . . , xn ) satisfied by w and the coordinates
of expΦ (wv) for all w ∈ C∞ must itself have the special form x0 = 0 or
P (x) = ψ1 x1 + ψ2 x2 + · · · + ψn xn ,
where the ψi , i = 1, . . . , n are Fq -linear. Using that, we can apply the functional equation,
treating w as the variable that it is, to find that, in fact
(a) x0 does not occur in P and
(b) the coordinates of v must be linearly dependent over End(φ) ⊂ C∞ .
Question (2): According to the previous sentence, the hypotheses on u do not allow it to
lie in Lie H for any sub-t-module of Φ. The assertion is proven.
This situation is the analogue of a result of Kolchin for commutative algebraic groups:
Theorem 3.4.5 ([Kolchin 1968]). Algebraic subgroups of products of simple algebraic groups
are determined in the tangent space by linear relations corresponding to isogenies.
The corresponding result holds for products of Drinfeld modules. See [Yu 1997].
3.5. Quasi-periodic functions. If one is led by Drinfeld to natural function field analogies
with elliptic curves, one can also be inspired to pursue a further analogy with the elliptic
situation – that of extensions of elliptic curves E by the additive group Ga , giving rise to
quasi-elliptic functions:
0 → Ga → E → E → 0
where the elliptic function of E is given by
(z, w) 7−→ (1, ℘(z), ℘0 (z), w − ζ(z))
and ζ(z) is the quasi-periodic Weierstraß zeta function. The periods of this map are the pairs
(ω, η), where ω = n1 ω1 + n2 ω2 is a period of ℘(z) and η = n1 η1 + n2 η2 is the corresponding
quasi-period expressed in terms of a basis ω1 , ω2 of periods for ℘(z) and ni = 2ζ(ωi /2),
i = 1, 2. Deligne, Anderson, and Yu developed a theory of quasi-periodic Drinfeld functions,
which was recast by Gekeler. See [Gekeler] and [Yu 1990].
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3.5.1. Bi-derivations. A φ-biderivation is an Fq -linear map δ : A → C∞ {F }F satisfying
δ(ab) = aδ(b) + δ(a)φ(b),
for all a, b ∈ A.
The space D(φ) of φ-biderivations splits as a direct sum
D(φ) = Dsr (φ) ⊕ C∞ δ0 ⊕ Dsi (φ),
where
• Dsr (φ) = {δ ∈ D(φ) : degF δ(a) < degF φ(a), ∀a ∈ A},
• δ0 (a) = φ(a) − aF 0 ,
• Dsi (φ) = {δ ∈ D(φ) : degF δ(a) > degF φ(a), ∀ non-constant a ∈ A}.
3.5.2. Quasi-periodic functions. For each φ-biderivation δ, there is a unique entire Fq -linear
function Fδ (z), with no linear term, such that for every a ∈ A
F (az) − aF (z) = δ(a) exp(z).
It is a fact that if r = rankA Λ, then dimC∞ Dsr (φ) = r − 1 (see [Gekeler]). If φ(θ) ∈
K{F }, K ⊂ k, then there is a basis δ1 , . . . , δr−1 such that each δi (θ) ∈ K{F }F . Then each
corresponding quasi-periodic Fi (z) has coefficients from K.
It is straight-forward to verify that Fδ0 (z) = exp(z), and it is not hard to verify that for δ ∈
Dsi (φ), the corresponding F (z) is expressible algebraically in terms of z, exp(z), F1 (z), . . . , Fr−1 (z).
So to obtain maximal algebraic independence, we can restrict our attention to these functions.
3.5.3. Quasi-periodic t-module. So now we are ready to define our quasi-periodic t-module


φ(θ)
0
0 ...
0
 δ1 (θ) θF 0 0 . . .
0 


0

δ
(θ)
0
θF
.
.
.
0 
Φ(θ) =  2
..
.. 
..
 ...
.
.
. 
δr−1 (θ) 0
...
0 θF 0
The corresponding exponential function is



z0
exp(z0 )
 z1 
 z1 + F1 (z0 )


expΦ : 
..
 ...  7−→ 
.
zr−1






zr−1 + Fr−1 (z0 )

3.5.4. Quasi-periodic Baker-Yu theorem. As a consequence of Yu’s Invariant Vector Space
Theorem, we can extend Baker-Yu to the following:
Theorem 3.5.5 (see [Brownawell 1998], [Brownawell-Papanikolas 2002]). Let φ = φΛ be
defined over K ⊂ k. Let α1 , . . . , αn ∈ C∞ be linearly independent over EndΛ and assume
that each expΛ (αi ) ∈ k. If rankA Λ = r, let F1 (z), . . . , Fr−1 (z) be the quasi-periodic functions
corresponding to r − 1 K-linearly independent strictly reduced φ-biderivations.
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Then the 1 + rn numbers
1, α1 , . . . , αn ; F1 (α1 ), . . . , F1 (αn ); . . . , Fr−1 (αn )
are linearly independent over k.
3.5.6. Conjectured independence for quasi-periodic t-modules. In fact, I have been so bold
as to make the following conjecture:
Conjecture 3.5.7 (Schanuel-Like conjecture for Drinfeld Modules). For i = 1, . . . , n, let Λi
be non-isogenous A-lattice of rank ri over the multiplications Oi of Λi and let the set Ui ⊂
C∞ be Oi -linearly independent. Let expi (z) denote the corresponding Drinfeld exponential
functions andP
Fij (z), j = 2, . . . , ri , the quasi-periodic functions defined above. Then among
the following ni=1 (1 + ri )|Ui | numbers:
u, expi (u), Fij (u), j = 2, . . . , ri ,
P
u ∈ Ui , i = 1, . . . , n, at least i ri |Ui | are algebraically independent.
There is as yet very little evidence for this conjecture. But Mark Twain was once asked:
“Why go out on a limb if you don’t have to?” He replied: “Because that’s where the fruit
is.”
The results presented in this first part were stimulated in large part by the close analogy
between the situation in the classical number theoretical situation and function fields. However they ignore one essential fact: θ is transcendental over the prime field. In particular, it
means that we have a natural underlying operator that does not exist in the classical setting:
differentiation.
3.5.8. Biderivations for t-modules. Before we do that however, we note that the notion of
biderivation extends naturally to the setting of a t-module Φ:
A Φ-biderivation is an Fq -linear map δ : A → F Mat1×r (C∞ ){F } satisfying the product
formula that, for all a, b ∈ A,
δ(ab) = aδ(b) + δ(a)Φ(b).
Set
N ⊥ := N ⊥ (C∞ ) := {V ∈ Mat1×r (C∞ F 0 ) : V N = 0} ⊂ Mat1×r (C∞ F 0 ),
where N is the nilpotent part of dΦ(θ) = θIr + N .
Let U = (U1 , . . . , Ur ) ∈ (C∞ {F })r with dU ∈ N ⊥ (C∞ ), where dU = (dU1 , . . . , dUr )
denotes the vector of coefficients of F 0 in U . We define δ (U ) : A → M (E) via
(3.5.8.1)

δ (U ) (a) := U Φ(a) − aU ,

for every a ∈ A. The condition dU ∈ N ⊥ is equivalent to saying that dδ (U ) (θ)N = 0, i.e.
that δ (U ) (θ) ∈ F Mat1×r (C∞ ){F }. The maps δ (U ) are A-biderivations, and we call them
inner. When U ∈ F Mat1×r (C∞ ){F }, we call δ (U ) strictly inner; we denote the C∞ -vector
space of strictly inner biderivations by Der(Φ)si and set HDR (Φ, C∞ ) := Der(Φ)/Dersi (Φ)
and set H(Φ, C∞ ) := HomA (Λ, C∞ ).
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To each biderivation δ, there is a unique associated quasi-periodic function Fδ satisfying:
(3.5.8.2)

Fδ (dΦ(a)z) = aFδ (z) + δ(a) expΦ (z),
(mod zq ),

Fδ (z) ≡ 0

(3.5.8.3)

where the latter condition means that every non-zero term in the power series Fδ (z) is that
h
of a monomial ziq with h > 0.
3.5.9. Extensions of t-modules arising from biderivations. Let δ 1 , . . . , δ s be Φ-biderivations
which are linearly independent modulo the inner Φ-biderivations. Then the t-module


Φ(θ) 0 0 . . . 0

δ 1 (θ) θIr 0 . . . 0

θ 7→ 
..

 ...
.
δ s (θ)

0

...

θIr

has as exponential function



z
expΦ (z)
w1 
z + Fδ1 (w1 )
 .  7→ 

..
 .. 


.


ws

z + Fδs (ws )

Out of desperation, we denote this t-module as Φoδ1 ,...,δs . Note that projection onto the first
r factors gives a short exactsequence of t-modules
(Gra )s → Φoδ1 ,...,δs → Φ → 0.
This is our first example of minimal extensions of t-modules. But it is not our only example.
The other main one so far arises from taking derivatives.
3.6. Derivatives and linear independence. L. Denis [Denis 2000] first began the investigation of the independence of values of derivatives of logarithms of algebraic quantities.
We need some background. Rather than than starting with the most general result, I want
to consider the case furnished by divided derivatives.
3.6.1. Divided derivatives. Divided derivatives D[i] , i ≥ 0 are defined on A by setting
( 
n n−i
θ
n≤i
[i] n
n [i]
i
D θ := (θ ) :=
0
n > i.
This extends uniquely, first to k and then to k sep through the the product formula:
X
D[i] (ab) =
D[j] (a)D[l] (b).
j+l=i

The main obvious advantage of divided derivatives over ordinary derivatives in characteristic p is that, while the iterated p-fold derivative vanishes identically and already d/dθ(θp ) = 0,
D[p] p(θp ) = 1.
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3.6.2. Derived t-modules. Let Φ be a d-dimensional t-module defined over k
and let
expΦ (u) ∈ Ga (k)d . For s ∈ Z≥0 , consider the (s + 1)d × (s + 1)d matrix Φ[s] (θ) consisting of d × d blocks
m
X
m j]
Φij (θ) =
A[i−q
F m,
m
j=0

where Φ(θ) =

Pm

j=0

sep

Am F m , Am ∈ Matd×d (k ):

Φ[s] (t) = Pij (θ) ,

Φ[0] (t) = Φ(t)

Then it is straightforward, but not trivial, to verify that, for u ∈ k

sep

expΦ[s] (u, u[1] , . . . , u[s] ) = (expΦ (u), expΦ (u)[1] , . . . , expΦ (u)[s] ).
3.7. Minimal extensions of t-modules by Ga . To treat both the extensions of t-modules
obtained through biderivations and through divided derivatives (and of course any mixture
of them) at once, we introduce the notion of minimal extensions of t-modules. We say that
the surjective morphism of t-modules
π

Q→
− G→0
makes Q into a minimal extension or Frattini cover of G if no proper t-submodule of Q maps
onto G.
Quasi-periodic t-modules and derived t-modules given above are interesting examples of
minimal extensions of the underlying t-modules.
3.7.1. Linear independence in minimal extensions.
Theorem 3.7.2 ([Brownawell 2002]). Let
π

Q→
− G→0
be a minimal extension of the t-module G, with Q, G, and π defined over k. Let u ∈ Lie Q
with expG (u) ∈ Q(k) and set v := dπ(u).
Then if the coordinates of v are k[dΦ(θ)]-linearly independent, so are the coordinates of
u.
3.7.3. Linear independence of divided derivatives of logarithms of Drinfeld modules [DenisBrownawell]. See [Brownawell 2002]. As a special case, consider G := (φ, Ga ), a Drinfeld
sep
sep
module defined over k and v := (v1 , . . . , vn ) ∈ Cn∞ with each expφ (ui ) ∈ k . If u1 , . . . , un
are linearly independent over End(φ), then
[j]

1; u1 , . . . , un ; . . . ; u1 , . . . , u[j]
n ;...
are k-linearly independent.

14

W. DALE BROWNAWELL AND MATTHEW PAPANIKOLAS

3.7.4. Concluding thoughts. So far we have seen the following historical development:
• Drinfeld modules as analogues of elliptic curves.
• A shift in point of view from an analogy with elliptic curves in terms of exponential
functions and lattice of zeros to the action of A as represented by φ(θ).
• Generalization to higher dimension via the action of Φ(θ) on Gda .
The overall approach used the Dirichlet Box Principle in the guise of the Thue-Siegel Lemma
and the functional equation on the exponential function whose values we are considering.
However the original attitude by Carlitz and his student Wade that the formal functional,
almost combinatorial, properties of the elements viewed as power series should guarantee that
they satisfy no surprising formal relations, even if we are ignorant of any classical analogues
of the expressions we are considering.
4. The “ABP-criterion”
4.1. Algebraic curves and functions. In terms of transcendence in positive characteristic,
the quantities that interest us are contained in the field C∞ . However, as is often the case,
these quantities also arise as values of special functions on C∞ , and we have already seen this
with values and zeros of the Carlitz exponential function. For the most part, all functions
we will consider will be elements of the Laurent series field C∞ ((t)), but we will start at the
beginning.
4.1.1. Rational functions. Here we will be a little more systematic about what kinds of
functions will (or may) produce quantities of particular interest to us. We begin with the
curve P1 /Fq and its function field Fq (t),
P1 /Fq ←→ Fq (t).
For any field K ⊇ Fq , we can extend scalars to K and consider rational functions on P1 over
K,
P1 /K ←→ K(t).
In particular we will often take K = k or K = C∞ .
4.1.2. Analytic functions. We first define the Tate algebra of functions that are analytic on
the closed unit disk in C∞ :
X

i
T :=
ai t ∈ C∞ [[t]] |ai |∞ → 0 .
i≥0

The Tate algebra T is a principal ideal domain with maximal ideals generated by t − a for
all a ∈ C∞ , |a|∞ ≤ 1. Moreover, each non-zero function f ∈ T has a unique factorization of
the form

 Y

∞
X
orda (f )
i
f =λ
(t − a)
1+
bi t ,
|a|∞ ≤1

i=1

where λ ∈ C∞ , sup |bi |∞ < 1, and |bi |∞ → 0. See Section 2.2 of [Fresnel-van der Put] for
more details. Of some importance to us is the fact that
(4.1.2.1)

T ∩ Fq [[t]] = Fq [t].
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We set L to be the fraction field of T, which is a subfield of the Laurent series field C∞ ((t)).
4.1.3. Entire functions. The ring E of entire functions is defined to be
p
X

i
|ai |∞ → 0,
i
E :=
ai t ∈ C∞ [[t]]
.
[k
(a
,
a
,
a
,
.
.
.
)
:
k
]
<
∞
∞
0
1
2
∞
i≥0
The first condition implies that a given f ∈ E converges on all of C∞ . It is equivalent to
having
1
lim ord∞ (ai ) = ∞.
i→∞ i
The second condition implies that f (k∞ ) ⊆ k∞ .
P
4.1.4. Frobenius twisting. Let f = ai ti ∈ C∞ ((t)). For any n ∈ Z, we set
X qn
ai ti ∈ C∞ ((t)).
f (n) :=
Thus f 7→ f (n) has the effect of simply raising the coefficients of f to the q n -th power. The
maps
∼
f 7→ f (n) : C∞ ((t)) → C∞ ((t))
are automorphisms. They also induce automorphisms of each of the following rings and
fields:
k[t], T, k(t), L, E.
When n = −1, we call this automorphism σ: i.e., σ(f ) = f (−1) . Moreover, σ has the following
fixed rings and fields:
C∞ ((t))σ = Fq ((t)),

k(t)σ = Fq (t),

Tσ = Fq [t],

Lσ = Fq (t).

As a matter of notation, if A ∈ Matr×s (C∞ ((t))), then we set A(n) to be the matrix with
entries

(n)
A(n) ij = Aij .
4.2. “The two t’s”. As we can see from the definitions above, we have introduced a second
variable “t” in addition to the variable we already had from the previous section “θ.” In
many respects these two variables look and act the same, and people are often confused that
there is a need for both of them. Indeed in the first section of these notes, we tried to avoid
these complications. See Ch. 5 of [Goss] for more explanation.
4.2.1. Scalar quantities and operators. For the remainder of these notes we will adhere to
the following dichotomy:
• Scalars: Numbers built up out of θ; elements of C∞ .
• Functions and Operators: Functions built up out of t; elements of C∞ ((t)).
One reason to do this is that most of the values that we consider arise as values of special
functions which are defined on C∞ or a subset of it. Another reason to do this is that, in
the case of t-modules for example, we want to consider certain rings of functions as acting
as operators on C∞ or spaces builted out of it. As we saw in the previous section, the action
of t on the Lie algebra of a t-module does not always coincide with scalar multiplication by
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θ. It is thus useful to differentiate between the two. More differences between “t” and “θ”
will become apparent in the rest of the notes.
4.2.2. The Carlitz Fq [t]-module. As alluded to in the previous paragraph it is often useful to
think of the Carlitz module as an Fq [t]-module. More concretely, the Carlitz module C is an
Fq [t]-module, whose underlying additive group is C∞ . The operation of Fq [t] on C is given
by the Fq -algebra homomorphism,
C : Fq [t] → C∞ {F },
where
C(t) = θ + F.
Thus the t-torsion on C is the set
C[t] := {x ∈ C∞ | C(t)(x) = 0}
= {x ∈ C∞ | θx + xq = 0}.
Moreover, we see that
C[t] = Fq ζθ ,
where ζθ is a fixed choice of (q − 1)-st root of −θ. More generally for any f (t) ∈ Fq [t], the
f -torsion on C is
C[f ] = {x ∈ C∞ | C(f )(x) = 0} ∼
= Fq [t]/(f ),
where the isomorphism on the right is an isomorphism of Fq [t]-modules. We can also check
that
C[f ] = {expC (πq a/f (θ)) | a ∈ Fq [θ]}.
In this respect we can see that ζθ = expC (πq /θ).
One can (and we will!) adopt this convention for Drinfeld modules and t-modules in what
follows—that they are Fq [t]-modules in the natural way and that their endomorphism rings
are extensions of Fq [t].
4.3. The function Ω(t). Some references for this section are §5.1 of [Anderson-BrownawellPapanikolas] and §3.3 of [Papanikolas 2008].
√
4.3.1. Definition. Let ζθ = q−1 −θ = expC (πq /θ) be a fixed choice of (q − 1)-st root of −θ as
above. We define an infinite product,

∞ 
Y
t
−q
Ω(t) := ζθ
1 − qi ∈ k∞ (ζθ )[[t]] ⊆ C∞ ((t)).
θ
i=1
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4.3.2. Ω(t) is entire. If we expand Ω(t), we see that
ζθq Ω(t)

=

∞
X

ai ti = 1 −

i=1

X t
X
t2
+
+ ··· .
θqj j ≥j ≥1 θqj1 θqj2
j≥1
2

1

It is not hard to see that
ord∞ (a1 ) = q
ord∞ (a2 ) = q + q 2 ,
and in general,
ord∞ (ai ) = q + q 2 + · · · + q i ≥ q i .
Clearly then 1i ord(ai ) → ∞ and Ω(t) converges on all of C∞ . That all of the coefficients ai
lie in a finite extension of k∞ follows straight from the definition, and so Ω(t) ∈ E.
4.3.3. Ω(t) ∈ T× . The zeros of Ω(t) on C∞ are precisely
2

3

t = θq , θq , θq , . . . ,
all of which have ∞-adic absolute value strictly bigger than 1. Thus 1/Ω(t) is well defined
on the closed unit disk in C∞ and so is in T. In fact, 1/Ω(t) converges for all t = α with
|α|∞ < |θq |∞ .
4.3.4. Connection with the Carlitz period. If we recall the formula for the period πq of the
Carlitz module for Fq [t], as defined in §2.1.1, it follows that πq is related to the specialization
Ω(θ). Specifically,
πq = −

(4.3.4.1)

1
.
Ω(θ)

4.3.5. Functional equation for Ω(t). Let us define
∞ 
Y
−1
(−1)
Ω (t) := ζθ
1−
i=1


,
q i−1
t

θ

which is obtained by taking the q-th root of all of the coefficients of the power series Ω(t).
We claim that
Ω(−1) (t) = (t − θ)Ω(t).

(4.3.5.1)
To see this, it is evident that
(−1)

Ω

(t) =

ζθ−1


 ∞

t Y
t
1−
1 − qi .
θ i=1
θ

Thus to prove (4.3.5.1) it remains to show that
−θζθ = ζθq ,
√
and this follows from the fact that ζθ = q−1 −θ.
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4.3.6. Power series expansion of 1/Ω(−1) (t). The following formula shows that 1/Ω(−1) (t)
is a generating function for division values of the Carlitz exponential. See Prop. 5.1.3 of
[Anderson-Brownawell-Papanikolas]. We claim that
∞
X

1
i+1 i
=
exp
π
/θ
t.
q
C
Ω(−1) (t)
i=0
To see this, first of all both sides are elements of T× (check!) and both have the same
constant term ζθ since expC (πq /θ) = ζθ . Now set
∞
X
q
H(t) =
expC πq /θi+1 ti .
i=0

Our claim is that H (−1) = 1/Ω(−1) . The functional equation (2.4.1.1) for the Carlitz exponential says that
expC (πq /θi ) = θ expC (πq /θi+1 ) + expC (πq /θi+1 )q ,
and so we see that
∞
X

H(t) =
expC (πq /θi ) − θ expC (πq /θi+1 ) ti ,
i=0
(−1)

= tH

(t) − θH (−1) (t),

= (t − θ)H (−1) (t).
It follows that
(HΩ)(−1) = HΩ,
and so HΩ ∈ Tσ = Fq [t]. After slightly more work we can check that HΩ = 1.
4.4. The ABP-criterion. The following theorem is the fundamental basis for all of the
algebraic independence theorems we will consider. In some sense, it works as a t-motivic
analogue of Yu’s Sub-t-Module Theorem (Theorem 3.2.1), which is a statement we will
explain more fully in later sections.
Theorem 4.4.1 ([Anderson-Brownawell-Papanikolas], Thm. 3.1.1). Let r ≥ 1. Fix a matrix
Φ = Φ(t) ∈ Matr×r (k[t]),
×

such that det(Φ) = c(t − θ)s for some c ∈ k and s ≥ 0. Suppose we have also a column
vector of entire functions,
ψ = ψ(t) ∈ Matr×1 (E),
satisfying the functional equations
ψ (−1) = Φψ.
Now suppose that there is a k-linear relation among the entries of ψ(θ); that is, there is a
row vector ρ ∈ Mat1×r (k) so that
ρψ(θ) = 0.
Then there is a row vector of polynomials P (t) ∈ Mat1×r (k[t]) so that
P (t)ψ(t) = 0,

P (θ) = ρ.
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4.4.2. Proof of Theorem 4.4.1. Our emphasis will mostly be on applications of this theorem,
but a few words about its proof are in order. We first consider the case when r = 1. Then
Φ and ψ are really functions, and
ρψ(θ) = 0.
Without loss of generality we can assume ρ 6= 0, and so ψ(θ) = 0. Therefore, as we are
looking for a non-zero polynomial P so that P ψ = 0, we need to show that ψ is identically
zero. Consider for n ≥ 0:
−n q −1
−(n+1) 
−(n+1) 
−(n+1) 
ψ θq
= ψ (−1) θq
= Φ θq
ψ θq
,

−(n+1)
Φ θq
6= 0 (by hypothesis).
−n 
By induction, it follows that for all n ≥ 0 we have ψ θq
= 0. But then ψ has infinitely many zeros in the closed unit disk of C∞ , and so it must be identically zero (via the
factorization in §4.1.2.
When r ≥ 2, the proof is necessarily more complicated. We consider functions E ∈ E of
the form,
E(t) = P (t)ψ(t), P (t) ∈ Matr×1 (k[t]).
Now the field k has transcendence degree 1 over Fq , and so finitely generated subfields of k
are themselves function fields of curves over finite fields. This allows us to use the RiemannRoch theorem to prove various box principle estimates in the vein of Siegel and Thue. These
estimates prove the existence of an auxiliary function E that vanishes identically once we
consider a competing Liouville estimate. By controlling the degree of P (t) and the size of
its coefficients, we can show that a particular choice P will also satisfy the condition that
P (θ) = ρ.
4.4.3. Proof of Wade’s theorem. Here we will show how to use Theorem 4.4.1 to prove that
πq is transcendental. It of course suffices to show that − π1q = Ω(θ) is transcendental. Suppose
we have a polynomial relation,
m
X
ρi Ω(θ)i = 0, ρi ∈ k, ρ0 ρm 6= 0.
i=0

Now let Φ ∈ Matm+1 (k[t]) be the diagonal matrix,

1
0
···
0 t − θ · · ·
Φ=
..
..
 ...
.
.
0

···

0

0
0
..
.
(t − θ)m

and let ψ ∈ Mat(m+1)×1 (E) be defined by

1
 Ω(t) 

ψ=
 ...  .


Ω(t)m



,
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By the functional equation of Ω, we see that
ψ (−1) = Φψ.
Theorem 4.4.1 then provides the existence of polynomials Pi (t) ∈ k[t] so that
m
X

Pi (t)Ω(t)i = 0,

Pi (θ) = ρi .

i=0

Since ρm 6= 0, it follows that P0 (t) must vanish at all of the zeros of Ω(t). Since a polynomial
cannot have infinitely many zeros, we must have P0 (t) = 0 identically, which contradicts
that P0 (θ) = ρ0 6= 0.
5. Difference equations
In this section we investigate some examples of matrices Φ and ψ to which one may
potentially apply Theorem 4.4.1. Indeed many of the examples in this section will appear
out of the blue, but it will be useful to have these examples in mind as we proceed. Their
origins will be made clear in §6 and we will revisit them in §8.
5.1. Difference equations and their solutions.
5.1.1. Definitions. Generally speaking, difference equations arise in the following setting.
∼
∼
We have two fields K ⊆ L together with an automorphism σ : L → L such that σ : K → K.
We further require that
Lσ = K σ =: E.
Now given a matrix Φ ∈ GLr (K), we can consider the system of equations,
σ(ψ) = Φψ,

ψ ∈ Matr×1 (L).

Such a system is called a system of difference equations. See [van der Put-Singer] for more
information. In the situation for Drinfeld modules, we take
L = L,

K = k(t),

E = Fq (t).

5.1.2. Solution spaces. Now fix a matrix Φ ∈ GLr (k(t)). We do not yet require Φ to have
polynomial entries. We consider the system of difference equations,

(5.1.2.1)
ψ (−1) = Φψ,
σ(ψ) = Φψ ,
where we look for solutions ψ ∈ Matr×1 (L). Define the space
Sol(Φ) = {ψ ∈ Matr×1 (L) | ψ (−1) = Φψ}.
Now because of (5.1.2.1), it is clear that L is a vector space over Fq (t) = Lσ . In much
the same way as one bounds dimensions of spaces of solutions of homogeneous differential
equations, we find here that
(5.1.2.2)

dimFq (t) Sol(Φ) ≤ r.

To verify (5.1.2.2), we will show that if ψ1 , . . . , ψm ∈ Sol(Φ) are linearly independent over
Fq (t), then they are linearly independent over L.
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We proceed by contradiction. Suppose that m ≥ 2 is minimal so that ψ1 , . . . , ψm are
linearly independent over Fq (t) but that
0=

m
X

fi ψi ,

fi ∈ L, f1 = 1.

i=1

Multiplying both sides on the left by Φ, we have
0=

m
X

fi Φψi =

i=1

m
X

fi ψ (−1) ,

i=1

the second equality following from (5.1.2.1). Thus, subtracting the two equations we find,
0=

m
m
X
X
(1)
(1)
(fi − fi )ψi =
(fi − fi )ψi ,
i=1

i=2

where the second equality follows from the choice of f1 = 1. However, by the minimality of
(1)
m, we must then have fi = fi for all i, and so each fi ∈ Fq (t). Hence each fi = 0 by linear
independence over Fq (t).
5.1.3. Fundamental matrices. Given the inequality in (5.1.2.2), we can define a fundamental
matrix for Φ ∈ GLr (k(t)) to be a matrix Ψ ∈ GLr (L) that satisfies,
Ψ(−1) = ΦΨ.
Necessarily in this case the columns of Ψ form a basis of Sol(Φ).
5.1.4. Comparisons with Theorem 4.4.1. Suppose that
Φ ∈ GLr (k(t)) ∩ Matr (k[t])
×

satisfies det Φ = c(t − θ)s , where c ∈ k and s ≥ 0. Suppose also that
Ψ ∈ GLr (L) ∩ Matr (T)
is a fundamental matrix for Φ. It is not readily apparent from this data that Theorem 4.4.1
applies to the columns of Ψ because the entries of Ψ are not known to be in E. However, the
following lemma settles the matter. See Prop. 3.1.3 of [Anderson-Brownawell-Papanikolas].
Proposition 5.1.5. Suppose that Φ ∈ Matr×r (k[t]) and ψ ∈ Matr×1 (T) satisfy
det Φ(0) 6= 0,

ψ (−1) = Φψ.

Then ψ ∈ Matr×1 (E).
The rest of this section will focus on examples of fundamental matrices Ψ of particular
interest. Moreover, as we wish to apply Theorem 4.4.1, the entries of the matrix
Ψ(θ) ∈ Matr (C∞ )
will be of particular interest to us. The theorem applies to the entries of Ψ(θ), but we will
see that the entries of Ψ(θ)−1 are slightly cleaner.
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5.2. The Carlitz period and Ω(t). In this example,
Φ = t − θ,

r = 1,

Ψ = Ω(t).

We have already seen that
Ω(−1) = (t − θ)Ω.
We have also observed that Ω(θ) = − π1q , and so
Ω(θ)−1 = −πq .
5.3. Carlitz logarithms.
5.3.1. Definitions. Recall from §2.4.1 that the Carlitz exponential function has the form
i
∞
X
zq
expC (z) = z +
.
(θqi − θ)(θqi − θq ) · · · (θqi − θqi−1 )
i=1
Its inverse is the Carlitz logarithm, which has a power series expansion
i
∞
X
zq
logC (z) = z +
,
(θ − θq )(θ − θq2 ) · · · (θ − θqi )
i=1
q/(q−1)

which converges for all z ∈ C∞ with |z|∞ < |θ|∞
the Carlitz logarithm has a functional equation,
(5.3.1.1)

. Like the Carlitz exponential function,

θ logC (z) = logC (θz) + logC (z q ),

which is valid as long as all three terms are defined. Also from the discussion in §4.2.2, we
see
πq
(5.3.1.2)
logC (ζθ ) = ,
θ
as a particular example of a Carlitz logarithm of an element in k.
q/(q−1)

5.3.2. Difference equations for Carlitz logarithms. Now let α ∈ k with |α|∞ < |θ|∞
are interested in properties (transcendental and otherwise) of the logarithm
logC (α) = α +

∞
X
i=1

. We

i

αq
∈ C∞ .
(θ − θq )(θ − θq2 ) · · · (θ − θqi )

Where this fits in with difference equations is through the function (see §6 of [Papanikolas 2008]),
Lα (t) = α +

∞
X
i=1

i

αq
,
(t − θq )(t − θq2 ) · · · (t − θqi )

which one can show is an element of T. Of particular interest is that
Lα (θ) = logC (α)
and
(5.3.2.1)

L(−1)
= α(−1) +
α

Lα
.
t−θ
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Thus if we let



t−θ
0
Φ = (−1)
∈ Mat2 (k[t]),
α
(t − θ) 1
then a fundamental matrix for Ψ is



Ω 0
Ψ=
∈ Mat2 (E).
ΩLα 1
We see that



−1/πq
0
Ψ(θ) =
− logC (α)/πq 1
and that
−1

Ψ(θ)




−πq
0
=
.
− logC (α) 1

Note: Theorem 4.4.1 applies to the columns of Ψ(θ), but as we shall see Ψ(θ)−1 is more
naturally the period matrix of the associated t-motive in this case. See §6.
5.4. Carlitz polylogarithms and zeta values. We take a short detour to discuss tensor
powers of the Carlitz module and their associated exponential functions and periods. Ultimately Carlitz polylogarithms and zeta values come into the mix. The primary reference is
[Anderson-Thakur 1990].
5.4.1. Carlitz tensor powers. The n-th tensor power of the Carlitz module the n-dimensional
t-module C ⊗n , which is defined by an Fq -algebra homomorphism,
C ⊗n : Fq [t] → Matn (C∞ [F ]),
where
C ⊗n (t) = θ · Id + N + A · F
for


0 1 0
N =  ... . . . 1 ,
0 ··· 0



0 ··· 0
A =  ... . . . ...  .
1 ··· 0

What is not yet apparent is why this should be considered a tensor power of C; however,
that will be one of the subjects of §6.
5.4.2. The exponential function for C ⊗n . The exponential function of C ⊗n is a vector valued
function of the form
 qi 
   
z1
z1
z1
∞
X


.
.
expn  ..  =  ..  +
Di  ...  , Di ∈ Matn (Fq (θ)).
zn

zn

i=1

i

znq
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The complete description of the coefficients Di can be found in [Anderson-Thakur 1990] (see
also §5.10 of [Goss] or §7.6 of [Thakur]). The inverse of expn , the logarithm logn , is similarly
defined. Of some importance to us are the specializations
  

[n]
z
expC (z)
0 
..


expn 
.
,
 ...  = 
..
.
0
[n]

where expC (z) is the single variable function,
[n]
expC (z)

=z+

∞
X
i=1

i

zq
 i
n ;
(θq − θ)(θqi − θq ) · · · (θqi − θqi−1 )

and
  

0
..
.
 ...  

..

logn 
,
.
0 = 
[n]
logC (z)
z
[n]

where logC (z) is the single variable function,
[n]
logC (z)

∞
X

=z+

i=1

i

zq

n
(θ − θq )(θ − θq2 ) · · · (θ − θqi )

[n]
logC (z)

The function
is also called the n-th Carlitz polylogarithm.
In a similar way to our approach to the Carlitz logarithm, if we define for α ∈ k with
qn/(q−1)
|α|∞ < |θ|∞
,
Lα,n (t) = α +

∞
X
i=1

i

αq

n ,
(t − θq )(t − θq2 ) · · · (t − θqi )

then
[n]

Lα,n (θ) = logC (α).
Furthermore, Lα,n satisfies the functional equation
(−1)
+
L(−1)
α,n = α

Lα,n
.
(t − θ)n

See [Chang-Yu 2007] for more details on the function Lα,n . Now if we let


(t − θ)n
0
Φ = (−1)
∈ Mat2 (k[t]),
α
(t − θ)n 1
then a fundamental matrix for Ψ is



Ωn
0
Ψ=
∈ Mat2 (E).
Ωn Lα,n 1
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We see that

0
(−1)n /πqn
Ψ(θ) =
[n]
(−1)n logC (α)/πqn 1


and that

(−πq )n
0
=
.
[n]
− logC (α) 1


−1

Ψ(θ)

5.4.3. Carlitz zeta values. For an integer s ≥ 1, we define the Carlitz zeta value
X 1
ζC (s) =
∈ k∞ .
as
a∈Fq [θ]
a monic

These zeta values share many properties with special values of the Riemann zeta function.
For example, if (q − 1) | s, then there is rs ∈ Fq (θ) so that
ζC (s) = rs πqs .
One considers these to be “even” Carlitz zeta values, and it has been proved by Anderson,
Thakur, and Yu that “odd” zeta values (i.e., the remaining ones) are not k-multiples of πqs (see
[Anderson-Thakur 1990] and [Yu 1991]). A remarkable result of [Anderson-Thakur 1990] is
that it is possible to find h0 , . . . , h` ∈ Fq [θ] so that
(5.4.3.1)

`
1 X
ζC (n) =
hi Lθi ,n (θ),
Γn i=0

where Γn ∈ Fq [θ] is a Carlitz factorial (see [Goss] or [Thakur]).
There are several consequences of (5.4.3.1). First Anderson and Thakur used this formula
to show that there are points in C ⊗n (k) whose logarithms (via logn ) can be explicitly related
to ζC (n). Second is that if we let, as in [Chang-Yu 2007],


(t − θ)n
0 ··· 0
(θ0 )(−1) (t − θ)n 1 · · · 0
Φ=
∈ Mat`+2 (k[t]),
..
.. . . .. 

. .
.
.
(θ` )(−1) (t − θ)n 0 · · ·
then Φ has a fundamental matrix


Ωn
n
Ω Lθ0 ,n
Ψ=
 ...
Ωn Lθ` ,n

0
1
..
.
0

1


··· 0
· · · 0
∈ Mat`+2 (E).
. . .. 
. .
··· 1

Chang and Yu use this description to identify all algebraic relations among Carlitz zeta
values, as we will see later in the notes.
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5.5. Drinfeld modules of rank r ≥ 2. Suppose that ρ : Fq [t] → k[F ] is a Drinfeld module
of rank 2 for Fq [t]. By a change of variables, we can assume
ρ(t) = θ + κF + F 2 ,

κ ∈ k.

As discussed in §2.3, there is a unique exponential power series,
∞
X
i
expρ (z) =
αi z q , αi ∈ k, α0 = 1,
i=0

satisfying the functional equation
2

expρ (θz) = ρ(t)(expρ (z)) = θ expρ (z) + κ expρ (z)q + expρ (z)q .
What follows can also be made explicit for Drinfeld modules of arbitrary rank r, but we will
stick with r = 2 for this example.
5.5.1. An associated system of difference equations. (See also [Pellarin 2007].) For fixed
u ∈ k∞ , we define a power series


i
∞
∞
X
X
u
αi uq
i
∈ T.
su (t) := −
expρ i+1 t =
θ
t − θqi
i=0
i=0
We note that su (t) is a meromorphic function on C∞ that has simples poles at t = θ, θq , . . .,
with residues u, α1 uq , . . .. Since ρ(t)(expρ (u/θi+1 )) = expρ (u/θi ), we have
(5.5.1.1)
(j)

(2)
κs(1)
u (t) + su (t) = (t − θ)su (t) − expρ (u).
j

j+1

Since su (t) converges away from {θq , θq , . . .} and the residue of su (t) at t = θ is u, it
follows that when we evaluate at t = θ, we have
(5.5.1.2)

(2)
κs(1)
u (θ) + su (θ) = u − expρ (u).

Fix generators ω1 , ω2 ∈ k∞ of the period lattice of ρ; that is, the kernel of expρ (z) is
Fq [θ]ω1 + Fq [θ]ω2 . Now let
s1 (t) = sω1 (t),
and set


0 t−θ
e
Φ :=
,
1 −κ

s2 (t) = sω2 (t),
"

#
(1)
s
s
e := 1 1 .
Ψ
(1)
s2 s2

Then the functional equation (5.5.1.1) implies that
e (1) = Ψ
e Φ,
e
Ψ
which is not quite the type of functional equation we need. However, if we let





0
1
0 1
e (1) −1 ,
Φ=
Ψ=
Ψ
(−1) ,
1 −κ
t − θ −κ
then
Ψ(−1) = ΦΨ.
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e ∈ GL2 (T) and so the entries of Ψ are in T (and in fact in E by
It is possible to show that Ψ
Prop. 5.1.5).
5.5.2. Specializing at t = θ. As in previous examples, we evaluate Ψ(θ)−1 :


κ
1
−1
(1)
e (θ)
Ψ(θ) = Ψ
1 0
"
#
(1)
(2)
(1)
κs1 (θ) + s1 (θ) s1 (θ)
=
(1)
(2)
(1)
κs2 (θ) + s2 (θ) s2 (θ)
"
#
(1)
ω1 s1 (θ)
=
,
(1)
ω2 s2 (θ)
where the last equality follows from (5.5.1.2). It turns out that

q
∞
X
ωj
(1)
expρ i+1 θi = −F1 (ωj ), j = 1, 2,
sj (θ) = −
θ
i=1
where F1 is the quasi-periodic function associated to δ(t) = τ for ρ, as defined in §3.5.2.
Thus, the upshot is that


ω1 η1
−1
Ψ(θ) =
,
ω2 η2
where ω1 , ω2 generate the period lattice for ρ and η1 , η2 are their corresponding quasi-periods.
5.6. Gamma values. Theorem 4.4.1 was originally formulated in [Anderson-BrownawellPapanikolas] to address the problem of algebraic relations among special Γ-values. Unfortunately, the story is too long to give it proper justice here, so we will be brief.
The geometric Γ-function over Fq [θ] is defined by the infinite product

−1
1 Y
z
Γ(z) =
1+
, z ∈ C∞ .
z
n
n∈Fq [θ]
n monic

This function was studied extensively by Thakur [Thakur 1991]. The special Γ-values are
defined to be
{Γ(z) | z ∈ Fq (θ) \ Fq [θ]}.
What is interesting about these values is that, much in the same way as the classical Γfunction, the functional equations for this Γ-function induce many k-algebraic relations
among them. The main theorem of [Anderson-Brownawell-Papanikolas] was that these relations account for all algebraic relations.
The connection with Drinfeld modules was first observed by Thakur in several examples.
For example,
 
1
θ
√
= q−1
Γ
πζ ,
θ
θζθ θ
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where πζθ is the Carlitz period for the polynomial ring Fq [ζθ ] (see §6.1 of [BrownawellPapanikolas 2002]). Then Sinha proved in [Sinha 1997a] that every value
 
a
Γ
, a, f both monic,
f
arises as a period of a specially constructed t-module by defining and using Coleman functions (based on work in [Coleman 1988] and extended in [Anderson 1992]). In [BrownawellPapanikolas 2002] it is shown that the remaining special Γ-values arise as quasi-periods.
Building on the work of Sinha, it is shown in [Anderson-Brownawell-Papanikolas] how everything fits in with specially defined difference equations, at which point Theorem 4.4.1 can
be applied.
6. t-Motives
6.1. Anderson t-motives. In this section we will define Anderson t-motives and show how
they are related to Drinfeld modules (and t-modules) and how they are connected to the
difference equations we saw in the last section. A word to the wise is that these t-motives are
slightly different from the ones defined in [Anderson 1986], although they have the same flavor. The references for these types of t-motives are §4 of [Anderson-Brownawell-Papanikolas]
(where they are called “dual t-motives”) and §3.4 of [Papanikolas 2008].
6.1.1. The ring k[t, σ]. The ring k[t, σ] is the polynomial ring t and σ with coefficients in k
subject to the following relations,
tc = ct,

tσ = σt,

σc = c1/q σ,

∀ c ∈ k.

In this way for any f ∈ k[t],
σf = f (−1) σ = σ(f )σ.
6.1.2. Definition. An Anderson t-motive M is a left k[t, σ]-module such that
• M is free and finitely generated over k[t];
• M is free and finitely generated over k[σ];
• (t − θ)n M ⊆ σM for all n  0.
Given an Anderson t-motive M, if the entries of m ∈ Matr×1 (M) is a k[t]-basis for M, then
there is a matrix Φ ∈ Matr (k[t]) so that
σm = Φm.
Since a power of t − θ annihilates M/σM, we have
det Φ = c(t − θ)s ,
×

for some c ∈ k , where s is the rank of M as a k[σ]-module.
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6.1.3. Category of Anderson t-motives. This category is defined as follows:
• Objects are Anderson t-motives;
• Morphisms are morphisms of left k[t, σ]-modules.
What is quite useful is the following theorem.
Theorem 6.1.4 ([Anderson 1986]). The category of Anderson t-motives contains the category of abelian t-modules as a full subcategory.
It is not so important at the moment what an “abelian” t-module is (the definition is in
[Anderson 1986] and in [Goss]), but it suffices to say that all Drinfeld modules are abelian,
as are all tensor powers of the Carlitz module and many other natural t-modules. In fact the
essential image of abelian t-modules in the category of Anderson t-motives can be described
explicitly.
6.1.5. The functor from Drinfeld modules to Anderson t-motives. In this form, the definition
is due to Anderson. Suppose we have a Drinfeld module ρ : Fq [t] → k[F ] given by
ρ(t) = θ + a1 F + · · · + ar F r .
We define the Anderson t-motive associated to ρ in the following way. Let M = k[σ]. Since
M has a natural left k[σ]-module structure, it suffices to define the k[t]-module structure.
For this, we set for h ∈ k[σ],
t · h(σ) := ρ(t)  h(σ),
where the -product is defined by
f (F )  g(σ) :=

XX
i

(−i−j)

ai

bj σ i+j ,

j

for f = i ai F i , g = j bj σ j . That this definition extends to a well-defined k[t]-module
operation which makes M into an Anderson t-motive is somewhat straightforward and left
to the reader.
In a pleasant way we can also recover the Drinfeld module ρ from M. Indeed, we find that
M
∼
= ρ,
(σ − 1)M
P

P

as Fq [t]-modules in a natural way. We will observe this identification in the next two examples.
6.2. t-Motive examples.
6.2.1. The Carlitz motive. By using the description above we can define the Anderson tmotive C that corresponds to the Carlitz module as follows. We let C = k[t] and define a
left k[σ]-module structure on C by setting
σ(f ) = (t − θ)f (−1) ,

∀f ∈ C.

To see that this comes from the Carlitz module, we first note that
C/(σ − 1)C ∼
= k,
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as Fq -vector spaces. We now check that the t-action on the left corresponds to the C(t)-action
on the right. For x ∈ k,
tx = θx + (t − θ)x = θx + σ(xq )
= θx + xq + (σ − 1)(xq )
= C(t)(x) + (σ − 1)(xq ).
6.2.2. Anderson t-motives for rank 2 Drinfeld modules. Let ρ be a rank 2 Drinfeld module
given by
ρ(t) = θ + κF + F 2 , κ ∈ k.
Again after using the functor from Drinfeld modules to t-motives, we arrive at the following
construction. We let M = Mat1×2 (k[t]), and define the action of k[σ] on M by


 (−1) (−1)  0
1
σ(f, g) := f
,g
.
t − θ −κ(−1)
We check that for a ∈ k,
(σ − 1)[a, 0] = [−a, a(−1) ],
(σ 2 − 1)[a, 0] = [a(−2) (t − θ) − a, −κ(−1) a(−2) ].
For x ∈ k, we see that
t[x, 0] = [tx, 0] = [tx + κxq , −κ(−1) x] + [−κxq , κ(−1) x]
= [tx + κxq , −κ(−1) x] + (σ − 1)[κxq , 0]
2

2

= [θx + κxq + xq , 0] + [(t − θ)x − xq , −κ(−1) x] + (σ − 1)[κxq , 0]
2

2

= [θx + κxq + xq , 0] + (σ − 1)[κxq , 0] + (σ 2 − 1)[xq , 0].
Thus we see that the action of t on M/(σ − 1)M is the same as the action of ρ(t) on k.
6.3. Rigid Analytic Triviality. In the examples above, we observed the following chain
of constructions:




n
o
Drinfeld module
Φ
∈
Mat
(k[t])
r
=⇒ t-motive M =⇒
or t-module ρ
representing σ




−1
(∗)
Ψ
∈
Mat
(E),
Ψ(θ)
provides
r
=⇒
=⇒
.
periods of ρ
Ψ(−1) = ΦΨ
One thing that is not clear is whether or not this construction works for all Drinfeld modules
and t-modules. Indeed it does not in all cases, and the sticking point is the construction
(∗). If (∗) does hold, then we say that our t-motive M is rigid analytically trivial. That is, if
the matrix Φ that represents multiplication by σ on a given t-motive M has a fundamental
matrix with entries in E (or even simply T), then M is rigid analytically trivial.
The name comes from the fact that then the space M ⊗k[t] T naturally decomposes into a
direct sum of copies of T on which σ acts simply via σ. In fact the entries of
Ψ−1 m
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are all fixed by σ.
A deep theorem of Anderson (see [Anderson 1986]) proves the following equivalence,




t-motive M is rigid
Drinfeld module or t⇐⇒
.
analytically trivial
module is uniformizable
Here uniformizable refers to whether or not the exponential function is surjective, as mentioned briefly in §3.1.2. However, as we saw in §2.3, the exponential functions of Drinfeld
modules are always surjective, and so their associated Anderson t-motives are always rigid
analytically trivial. Rigid analytic triviality is also closed under direct sums and taking
submodules.

7. Difference Galois groups and algebraic independence
In this section we summarize the main results of [Papanikolas 2008], which shows that the
transcendence degree of a period matrix Ψ(θ)−1 over k is the same as the dimension of an
associated Galois group.
7.1. Galois group construction.
7.1.1. Preliminaries. To begin, we can set things up in a somewhat general setting. As in
∼
§5.1, we start with fields K ⊆ L together with an automorphism σ : L → L such that,
• σ(K) = K;
• L/K is separable;
• Lσ = K σ =: E.
We also suppose that we have a matrices Φ ∈ GLr (K) and Ψ ∈ GLr (L) so that Ψ is a
fundamental matrix for Φ. That is,
σ(Ψ) = ΦΨ.
Let X = (Xij ) denote an r × r matrix of variables. We define a K-algebra homomorphism,
ν = (Xij 7→ Ψij ) : K[X, 1/ det X] → L,
and we let Σ = im ν. We let Λ be the fraction field of Σ. In this way,
Σ = K[Ψ, 1/ det Ψ],

Λ = K(Ψ).

Because of the functional equation for Φ and Ψ, it follows that both Σ and Λ are invariant
under σ. We further assume that
• K is algebraically closed in Λ.
The particular example we have in mind of course is (E, K, L) = (Fq (t), k(t), L).
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7.1.2. The Galois group Γ. For a ring R, let GLr/R denote the R-group scheme for GLr ,
whose coordinate ring is R[X, 1/X]. For an R-scheme Y and an R-algebra S, we let YS =
Y ×R S denote the extension of Y to and S-scheme.
Let Z be the smallest closed K-subscheme of GLr/K such that Ψ ∈ Z(L). Certainly,
Z∼
= Spec Σ.
Now set Ψ1 , Ψ2 ∈ GLr (L ⊗K L) to be the matrices such that
(Ψ1 )ij = Ψij ⊗ 1,

(Ψ2 )ij = 1 ⊗ Ψij ,

e = Ψ−1
and set Ψ
1 Ψ2 ∈ GLr (L ⊗K L). We define an E-algebra map,
(7.1.2.1)

e ij ) : E[X, 1/ det X] → L ⊗K L,
µ = (Xij 7→ Ψ

which in this way defines a closed E-subscheme Γ of GLr/E that is characterized as the
e ∈ Γ(L ⊗K L).
smallest such subscheme with Ψ
To show that Γ is in fact a group scheme over E, we start with the following working
hypotheses, which arrive through analogies with the Galois theory of differential equations.
• Z(L) is a right coset for Γ.
• Since Ψ ∈ Z(L), it follows that we should have Γ(L) = Ψ−1 Z(L).
• The isomorphism above should induce an isomorphism
∼

(u, v) 7→ (u, u−1 v) : Z × Z → Z × Γ.
• Everything should be done in such a way as to be defined over the smallest field
possible (say E, K, or L).
To realize that these working hypotheses are indeed true, one proves the following two
propositions. For the proofs of both, see §4.2 of [Papanikolas 2008].
Proposition 7.1.3. Define a morphism of affine L-schemes ZL → GLr/L so that on points
u 7→ Ψ−1 u for u ∈ Z(L). Then this map factors through an isomorphism ZL → ΓL of affine
L-schemes.
Proposition 7.1.4. Define a morphism of affine K-schemes Z × Z → Z × GLr/K so that on
points (u, v) 7→ (u, u−1 v) for u, v ∈ Z(K). Then this map factors through an isomorphism
Z × Z → Z × ΓK of affine K-schemes.
From these two propositions it is possible to prove via the Yoneda lemma that Γ is in fact
a group scheme over E and that Z is a ΓK -torsor. We summarize these results and some
other consequences in the following theorem.
Theorem 7.1.5 ([Papanikolas 2008]). Maintaining the definitions above, the following statements hold.
(a) Γ is a closed E-subgroup scheme of GLr/E .
(b) Z is stable under right-multiplication by ΓK and is a ΓK -torsor.
(c) The K-scheme Z is absolutely irreducible and is smooth over K.
(d) The E-scheme Γ is absolutely irreducible and is smooth over E.
(e) The dimension of Γ over F is equal to the transcendence degree of Λ over K.
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(f) If every element of E is fixed by some power of σ, then the elements of Λ fixed by
Γ(E) are precisely K.
7.1.6. Remarks. In the theorem above, (a) and (b) follow somewhat generally as long as
(E, K, L) satisfy the first three conditions in §7.1.1. The other parts (c)–(f) rely heavily on
the condition that K be algebraically closed in Λ. See [Papanikolas 2008] for more details.
7.2. Connections with t-motives.
7.2.1. The Tannakian category of t-motives. It will take us somewhat far afield to go through
all of the details on this topic. However, it is important to mention what happens. Given
two rigid analytically trivial Anderson t-motives, M1 and M2 , we can form their direct sum
M1 ⊕ M2 ,
which is naturally also a rigid analytically trivial Anderson t-motive. We can also form their
tensor product,
M1 ⊗k[t] M2 ,
and if we specify that σ acts diagonally on this space (i.e., σ(m1 ⊗ m2 ) := σ(m1 ) ⊗ σ(m2 )),
then one can show that M1 ⊗k[t] M2 is also a rigid analytically trivial Anderson t-motive (see
[Anderson 1986]). We should note that the tensor powers of the Carlitz module discussed in
§5.4.1 are defined in exactly this way.
If we take a t-motive M and tensor with k(t), we obtain a finite dimensional k(t)-vector
space
M := k(t) ⊗k[t] M.
Then M carries the natural structure of a left k(t)[σ, σ −1 ]-module with the following properties:
• M is finite dimensional as a k(t)-vector space;
• multiplication by σ on M is represented by a matrix Φ ∈ GLr (k(t)) that has a
fundamental matrix Ψ ∈ GLr (L).
(By allowing denominators, we lose control over the determinant of Φ.) In §3 of [Papanikolas
2008], we see that the category R of modules satisfying these properties form a neutral
Tannakian category over Fq (t). That is, all of the operations on group representations over
a field (direct sums, tensor products, duals, kernels, cokernels, internal Hom’s, etc.) can be
performed R. The fiber functor is defined by
ω(M ) = (L ⊗k(t) M )σ ,
and it can also be realized as the Fq (t)-span of the entries of Ψ−1 m, if m is the basis of our
t-motive. See [Breen] or [Deligne-Milne-Ogus-Shih 1982] for more information on Tannakian
categories.
We call the category T of t-motives the smallest (strictly full) Tannakian subcategory of
R that contains the Anderson t-motives. For a t-motive M , we can form the category TM ,
which is the smallest Tannakian subcategory of T containing M .
Now Tannakian duality asserts that any neutral Tannakian category over a field E is
naturally isomorphic to the category of representations of some affine group scheme over E.
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Thus to each t-motive M we can associate a group scheme ΓM over Fq (t). In fact, from
general principles it turns out that ΓM ⊆ GLr/Fq (t) . We then have the following theorem, see
Thm. 4.5.10 of [Papanikolas 2008].
Theorem 7.2.2. Let M be a t-motive. Suppose that Φ ∈ GLr (k(t)) represents multiplication
by σ on M and that Ψ ∈ GLr (L) is a rigid analytic trivialization for Φ. Then the Galois
group ΓΨ associated to the difference equations
Ψ(−1) = ΦΨ
is naturally isomorphic to the group ΓM associated to M via Tannakian duality.
7.3. Galois groups and transcendence. The following theorem is the main theorem
(Thm. 5.2.2) of [Papanikolas 2008]. It determines exactly the transcendence degree of the
period matrix of a t-motive. We will give a sketch of the proof, which relies heavily on
Theorem 4.4.1. Then in §8, we will revisit our various examples for applications to algebraic
independence.
Theorem 7.3.1. Let M be a t-motive, and let ΓM be its associated group via Tannakian
duality. Suppose that Φ ∈ GLr (k(t)) ∩ Matr (k[t]) represents multiplication by σ on M and
×
that det Φ = c(t − θ)s , c ∈ k . Let Ψ be a rigid analytic trivialization of Φ in GLr (T) ∩
Matr (E). Finally let
L = k(Ψ(θ)) ⊆ k∞ .
Then
tr. degk L = dim ΓM .
7.3.2. Remark. If M arises from an Anderson t-motive M that is rigid analytically trivial,
then the hypotheses of the theorem are automatically satisfied.
7.3.3. Sketch of the proof. The idea is the following. Fix d ≥ 1. For each n ≥ 1, the entries
of the Kronecker product matrix Ψ⊗n are all degree n monomials in the entries of Ψ. We let
ψ be the column vector whose entries are the concatenation of 1 and each of the columns of
Ψ⊗n for n ≤ d. Let Φ be the block diagonal matrix,
2

d

Φ = [1] ⊕ Φ⊕r ⊕ (Φ⊗2 )⊕r ⊕ · · · ⊕ (Φ⊗d )⊕r .
Then it is evident that

(−1)

ψ
= Φ ψ,
and by our hypotheses, Theorem 4.4.1 can apply. Moreover, any polynomial relations among
the entries of Ψ(θ) will eventually appear as a linear relation among the entries of ψ(θ), once
d is large enough. The idea then is use Theorem 4.4.1 to show an equality,
dimk Qd = dimk(t) Sd ,
where
• Qd is the k-span of the entries of ψ(θ);
• Sd is the k(t)-span of the entries of ψ.
By doing this for each d, it follows that the transcendence degree of k(Ψ(θ)) over k is the
same as the transcendence degree of k(t)(Ψ) over k(t).
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8. Applications
In this section we will revisit the examples we have seen already and discuss recent results
and progress toward algebraic independence.
8.1. The Carlitz period. We consider again the case Φ = t − θ and Ψ = Ω. We see
from 6.2.1 that Φ represents multiplication by σ on the Carlitz motive C. Since Ω is a
transcendental function over k(t), it follows that the Galois group ΓC ∼
= ΓΨ has dimension
dim ΓC = tr. degk(t) k(t)(Ω) = 1.
Thus ΓC ∼
= GL1 /Fq (t) = Gm /Fq (t). For γ ∈ Gm (Fq (t)) = Fq (t)× , the action of γ on k(t)(Ω)
is naturally defined by
γ : h(t, Ω) 7→ h(t, Ωγ).
We should note that another way of interpreting this calculation is that C is a Tate object in
the category of t-motives, whereby tensoring with C provides an equivalence of categories.
8.2. Carlitz logarithms. The main source for these results is [Papanikolas 2008]. However, Denis has also determined special cases of these results in [Denis 2006] using Mahler’s
method.
q/(q−1)
Let α1 , . . . , αr ∈ k, with |αi |∞ < |θ|∞
. Our goal is to determine all algebraic relations
over k among
logC (α1 ), . . . , logC (αr ) ∈ C∞ .
We already know some possible algebraic relations, those which are generated from ones of
the form in (5.3.1.1). The main result here will be that these are the only ones.
8.2.1. Logarithms and t-motives. As

t−θ
0
(−1)
α
 1 (t − θ) 1
Φ=
..
..

.
.
(−1)

αr

we saw in §5.3, we consider the matrix

··· 0
· · · 0

∈ GLr+1 (k(t)) ∩ Matr+1 (k[t]).
. . . .. 
.

(t − θ) 0 · · ·

1

Now Φ represents multiplication by σ on an Anderson t-motive X, and X sits an exact
sequence
0 → C → X → 1r → 0,
where 1 is the trivial t-motive. (The underlying space for 1 is k(t), and the σ-action on 1
coincides with the usual σ-action. The t-motive 1 does not come from an Anderson t-motive
directly. It is “trivial” because it is the identity with respect to tensor products: 1 ⊗ M ∼
=M
for all t-motives M .) The t-motive X is also rigid analytically trivial, and as we have seen,
the fundamental matrix for Φ is


Ω
0 ··· 0
ΩLα1 1 · · · 0
∈ GLr+1 (T) ∩ Matr+1 (E).
Ψ=
.. . . .. 
 ...
. .
.
ΩLαr 0 · · ·

1
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8.2.2. The Galois group. We are in the situation that Theorem 7.3.1 applies, but we need
to calculate the Galois group of Ψ. To do this, we note that


∗ 0
ΓΨ ⊆
,
∗ Ir
by (7.1.2.1). Thus, the coordinates of X are narrowed down to those in the first column,
and we relabel them X0 , . . . , Xr . Now there is a natural map
ΓΨ → Gm ,
given by projection onto the first coordinate. One shows that this map coincides with the
projection
ΓΨ  ΓC ,
and so is also surjective. Thus we have an exact sequence of group schemes,
0 → V → ΓΨ  Gm → 1.
If we consider α ∈ Gm (Fq (t)) and lift it back to an element γ ∈ ΓΨ (Fq (t)), then for any


µ = v1 I0r ∈ V (Fq (t)), we find that


1 0
−1
γ µγ =
∈ V (Fq (t)).
αv Ir
r

Thus V (Fq (t)) is a vector subspace of Fq (t) . Since V is smooth (because ΓΨ projects onto
Gm ), it follows that the defining equations for V are linear forms in X1 , . . . , Xr , which can
be defined over Fq (t). Hilbert’s Theorem 90 then provides an exact sequence,
0 → V (Fq (t)) → ΓΨ (Fq (t)) → Gm (Fq (t)) → 1.
Using this description it is possible to write down explicit equations for ΓΨ (see Thm. 6.3.2
of [Papanikolas 2008]). We will describe this in an example momentarily. For now fix
b0 ∈ Fq (t)× \ F×
q and choose a matrix


b0 0 · · · 0
b1 1 · · · 0

γ=
 ... ... . . . ...  ∈ ΓΨ (Fq (t)).
br 0 · · ·

1

The defining equations for ΓΨ are given as follows.
Theorem 8.2.3. With notation as above, the following statements hold.
(a) Suppose F = c1 X1 + · · · + cr Xr , c1 , . . . , cr ∈ Fq (t), is a defining linear form for V .
Then
G = (b0 − 1)F − F (b1 , . . . , br )(X0 − 1)
is a defining polynomial for ΓΨ . In particular,
r
r
X
X
(b0 (θ) − 1)
ci (θ) logC (αi ) −
ci (θ)bi (θ)πq = 0.
i=1

i=1
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(b) Every k-linear relation among πq , logC (α1 ), . . . , logC (αr ) is a k-linear combination of
the relations from part (a).
(c) Let N be the k-linear span of πq , logC (α1 ), . . . , logC (αr ). Then
dim ΓΨ = dimk N.
By Theorem 7.3.1, it follows that the transcendence degree of πq , logC (α1 ), . . . , logC (αr )
over k is then equal to dimk N . This leads to the following result of [Papanikolas 2008].
Theorem 8.2.4 ([Papanikolas 2008], Thm. 6.4.2). Let λ1 , . . . , λr ∈ C∞ satisfy expC (λi ) ∈ k
for i = 1, . . . , r. If λ, . . . , λr are linearly independent over k, then they are algebraically
independent over k.
8.2.5. Example. Here we consider a single logarithm. Namely we revisit §4.2.2 and the
formula in (5.3.1.2),
πq
logC (ζθ ) = .
θ
We have




t−θ
0
Ω
0
Φ = (−1)
, Ψ=
.
ΩLζθ 1
ζθ (t − θ) 1
If we consider the function
Υ := tLζθ − ζθ (t − θ),
then
(−1)

(−1)

Υ(−1) = tLζθ − ζθ (t − θ(−1) )


Lζθ
(−1)
(−1)
= t ζθ +
− ζθ (t − θ(−1) ) (from (5.3.2.1))
t−θ
tLζθ
− ζθ (since ζθ θ = −ζθq )
=
t−θ
Υ
=
.
t−θ
Therefore,
(ΩΥ)(−1) = ΩΥ,
and so

c
, c ∈ Fq (t).
Ω
One checks that c(t) = −1 identically (by evaluating at t = θ say), and so
Υ=

ζθ (t − θ)Ω − tΩLα − 1 = 0.
Therefore ZΨ is defined by the equation,
ZΨ : ζθ (t − θ)X0 − tX1 − 1 = 0.
It follows that the defining equation for ΓΨ is
ΓΨ : tX1 − X0 + 1 = 0.
Another way to do this is to use the defining equation for ZΨ together with (7.1.2.1).
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8.3. Zeta values. As we saw in §5.4, Carlitz zeta values also fit into this framework. Moreover, we have the following theorem of Chang and Yu.
Theorem 8.3.1 ([Chang-Yu 2007]). For any positive integer n, the transcendence degree of
the field
k(πq , ζC (1), . . . , ζC (n))
over k is

 
 

n − n/p − n/(q − 1) + n/p(q − 1) + 1.
8.3.2. Remark. Although there are many algebraic relations among Carlitz zeta values, this
theorem proves that all of them can be accounted for by the relations
ζC (n) = rn πqn ,

rn ∈ k

(Euler-Carlitz relations),

ζC (pn) = ζC (n)p

(Frobenius p-th power relations).

The Euler-Carlitz relations we have already observed in §5.4, and the Frobenius relations
are easily seen.
8.3.3. Short remarks on the proof. In some respects the proofs of this theorem and of Theorem 8.2.4 are similar, however the situation here is far more complicated. The reason is
that zeta values do not appear strictly as Carlitz polylogarithms, but as combinations of
them arising through complex generating functions in [Anderson-Thakur 1990]. The problem that arises is that we cannot consider only the zeta values themselves but must include
the collection of polylogarithms associated to each one. Ultimately, Chang and Yu develop
a procedure for sifting out only the zeta values and arrive at their result.
These methods have subsequently been extended to zeta values with varying constant
fields. For m ≥ 1 and n ≥ 1, we let
ζm (n) =

X
a∈Fpm [θ]
a monic

1
.
an

Thus ζm (n) is a Carlitz zeta value for Fpm [θ], and now we will allow m to vary. The result
is that even if we allow m to vary, all relations are still accounted for by the Euler-Carlitz
relations and the Frobenius p-th power relations.
Theorem 8.3.4 ([Chang-Papanikolas-Yu]). For any positive integers s and d, the transcendence degree of the field

k ∪dm=1 {πpm , ζm (1), . . . , ζm (s)}
over k is
d 
X
m=1


  
 

s − s/p − s/(pm − 1) + s/(p(pm − 1)) + 1 .
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8.4. Drinfeld modules of rank 2. Let
ρ : Fq [t] → k[F ]
be a Drinfeld module of rank 2 over k. As we saw in §5.5, the periods and quasi-periods of
ρ also fit into the Galois group framework. The Galois group associated to ρ satisfies
Γρ ⊆ GL2/Fq (t) .
Theorem 7.3.1 then implies that
tr. degk(ω1 , ω2 , η1 , η2 ) = 4

⇔

Γρ = GL2 .

In recent work Chang and Papanikolas prove this when there is no complex multiplication
and p 6= 2.
Theorem 8.4.1 ([Chang-Papanikolas]). Let ρ be a Drinfeld module of rank 2 over k, and
let ω1 , ω2 , η1 , η2 be its associated periods and quasi-periods. If p 6= 2 and End(ρ) = Fq [t],
then
ω1 , ω2 , η1 , η2
are algebraically independent over k.
References
[Anderson 1986] G. W. Anderson, t-motives, Duke Math. J. 53 (1986), 457–502.
[Anderson 1992] G. W. Anderson, A two-dimensional analogue of Stickelberger’s theorem, in: The Arithmetic of Function Fields, ed. by D. Goss, D. R. Hayes, and M. I. Rosen, W. de Gruyter, Berlin, 1992,
pp. 51–77.
[Anderson-Brownawell-Papanikolas] G. W. Anderson, W. D. Brownawell, M. A. Papanikolas, Determination
of the algebraic relations among special Γ-values in positive characteristic, Ann. of Math. (2) 160 (2004),
237–313.
[Anderson-Thakur 1990] G. W. Anderson and D. S. Thakur, Tensor powers of the Carlitz module and zeta
values, Ann. of Math. (2) 132 (1990), 159–191.
[Becker 1992] P.-G. Becker, Algebraic independence of the values of certain series by Mahler’s method,
Monatsh. Math. 114 (1992), 183-198.
[Breen] L. Breen, Tannakian categories, pp. 337–376, in: Motives (Seattle, WA, 1991), Proc. Sympos. Pure
Math., vol. 55, part 1, Amer. Math. Soc., Providence, RI, 1994.
[Brownawell 1993] W. D. Brownawell, Algebraic independence of Carlitz exponential and quasi-periodic functions, pp. 341-365, in: Advances in Number Theory, F. Q. Gouvêa and N. Yui editors, Clarendon Press,
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